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C H A P T E R I 
I N T R O D U C T I O N 
M o d e r n m e d i c i n e i s n o w a t a s t a g e w h e r e i t c a n d o m u c h t o r e ­
l i e v e o r e v e n c u r e t h o s e s u f f e r i n g f r o m i n f e c t i o u s d i s e a s e s . H o w e v e r , 
i t s g r e a t e s t a t t a i n m e n t s h a v e b e e n i n t h e a d v a n c e m e n t o f p r e v e n t i v e 
m e d i c i n e , w h e t h e r t h e s e d e v e l o p m e n t s b e c l i n i c a l , b i o l o g i c a l , e c o ­
l o g i c a l , o r m a t h e m a t i c a l i n n a t u r e . I t i s t h e m a t h e m a t i c a l a p p r o a c h , 
a s a p p l i e d t o e p i d e m i o l o g y , t h a t w i l l b e d e a l t w i t h h e r e , a n d i t w i l l b e 
s p e c i f i c a l l y a p p l i e d t o t h e p r o b l e m o f r u b e l l a , b e t t e r k n o w n a s G e r m a n 
m e a s l e s . 
R u b e l l a , w h i c h i n m o s t c a s e s i s o f l e s s c o n s e q u e n c e t h a n t h e 
c o m m o n c o l d , c a n s o m e t i m e s p r o d u c e s e r i o u s c o m p l i c a t i o n s . I t i s f o r 
t h i s r e a s o n t h a t t h e r e d u c t i o n o f t h e n u m b e r o f r u b e l l a v i c t i m s i s s o 
i m p o r t a n t . 
P u r p o s e a n d S c o p e 
T h e p u r p o s e o f t h i s r e s e a r c h w i l l b e t o r e l a t e b o t h t h e m a t h e ­
m a t i c a l t h e o r y o f e p i d e m i c s a n d t h e e p i d e m i o l o g i c a l c h a r a c t e r i s t i c s o f 
r u b e l l a i n t h e f o r m o f a m a t h e m a t i c a l m o d e l . S o m e d i f f e r e n t a p p r o a c h e s 
w i l l b e e x a m i n e d i n o r d e r t o d e t e r m i n e w h i c h i s m o s t c o n d u c i v e t o t h e 
e x p e r i m e n t a t i o n d e s i r e d . T h e s e a p p r o a c h e s w i l l i n c l u d e b o t h d e t e r m i n -
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istic and stochastic models. It is intended that the resulting model be 
used to describe not only how the population is behaving but also how it 
will behave in the future and how it should behave under alternative pro­
grams of control. In other words, this model is intended to describe, 
to predict, and to prescribe. 
The population under study will be the entire East North Cen­
tral section of the United States, an area considered very reliable in 
reporting its rubella cases. There are m a n y drawbacks in trying to fit 
a mathematical model to a real population, some of which are brought 
about by the inaccuracies in even the best statistical information. It is 
for this reason that the initial conditions will be varied to test the sensi­
tivity of the model. Also, alternative vaccination programs will be in­
corporated into the model to see the effect they have on the continuing 
rubella process. 
Another hindrance is that, as the model includes m o r e factors 
to m o r e accurately represent the real world phenomenon, the model 
becomes m o r e difficult to evaluate. This is demonstrated in Chapter 
VI, which presents an age-stratified model to include various social 
and biological differences between seven age groups. 
Since actual experimentation in the "real world" could not only 
be time-consuming but also destructive to the population, the "model 
world" becomes an ideal place in which to experiment. 
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C H A P T E R I I 
A N I N T R O D U C T I O N T O R U B E L L A 
R u b e l l a w a s f i r s t d e s c r i b e d i n 1 8 1 5 . T e r m e d " r o e t h e l n " i n 
G e r m a n y ( h e n c e t h e n a m e G e r m a n m e a s l e s ) , t h e n a m e " r u b e l l a " w a s 
c o i n e d i n 1 8 6 6 . T h e f i r s t r e c o r d e d r u b e l l a e p i d e m i c w a s i n 1 8 7 4 ( 1 ) . 
S u c h e p i d e m i c s w e r e d i s r u p t i v e b u t d i d n o t a p p e a r d i s a s t r o u s . C o n ­
t r a c t e d u n d e r m o s t c o n d i t i o n s , r u b e l l a i s u s u a l l y c h a r a c t e r i z e d b y a 
f e w d a y s o f a l o w - g r a d e f e v e r a n d r a s h . A l t h o u g h t h e s e a t t a c k s v a r y 
i n l e n g t h a n d s e v e r i t y , t h e y a r e s e l d o m c a u s e f o r m u c h c o n c e r n . R u ­
b e l l a i s h i g h l y c o n t a g i o u s a n d i s t r a n s m i t t e d b y n a s a l s e c r e t i o n s . O f t e n , 
h o w e v e r , i n f e c t i o n i s n o t a p p a r e n t ( w i t h o u t s y m p t o m s ) , a n d t r a n s m i s s i o n 
u s u a l l y o c c u r s b y d i r e c t c o n t a c t w i t h p a t i e n t s o r p e r s o n s w i t h u n a p p a r -
e n t i n f e c t i o n s ( 2 ) . 
I n 1 9 4 1 , N . M . G r e g g , a n A u s t r a l i a n o p t h a l m o l o g i s t , r e p o r t e d 
t h e t e n d e n c y f o r p r e g n a n t r u b e l l a v i c t i m s t o g i v e b i r t h t o i n f a n t s w i t h 
c o n g e n i t a l c a t a r a c t s ( 1 ) . H e a l s o n o t i c e d t h a t t h e s e i n f a n t s h a d a n a b ­
n o r m a l l y l o w b i r t h w e i g h t , a h i g h i n c i d e n c e o f c o n g e n i t a l h e a r t d i s e a s e , 
a n d a h i g h m o r t a l i t y r a t e . S i n c e t h a t t i m e , G r e g g ' s f i n d i n g s h a v e b e e n 
c o n f i r m e d ( 1 ) . O t h e r e f f e c t s o n t h e f e t u s h a v e b e e n d i s c o v e r e d . S u c h 
h a r m f u l r e s u l t s t o t h e c h i l d h a v e b e e n t e r m e d t h e " c o n g e n i t a l r u b e l l a 
4 
s y n d r o m e " ( 1 ) . A l t h o u g h t h e c o n s e q u e n c e s o f t h i s s y n d r o m e a r e v a r i e d 
a n d h i g h l y u n p r e d i c t a b l e , a l m o s t e v e r y o r g a n o f t h e b o d y m a y b e a f ­
f e c t e d . C o n g e n i t a l r u b e l l a s y n d r o m e c a n b e c h a r a c t e r i z e d b y h e a r i n g 
l o s s , c a r d i o v a s c u l a r d e f e c t s , e y e d e f e c t s , d e v e l o p m e n t a l a n d n e u r o ­
l o g i c a l d e f e c t s , a n d o f t e n c a s e s o f s p o n t a n e o u s a b o r t i o n s ( 1 ) . 
I t i s i m p o r t a n t t o n o t e t h a t a c e r t a i n p e r c e n t a g e o f c o m p l i c a ­
t i o n s o t h e r t h a n c o n g e n i t a l r u b e l l a s y n d r o m e c a n a r i s e . T h e s e c o m p l i ­
c a t i o n s o c c u r r i n g i n t h e i n f e c t a n t a r e a r t h r i t i s , e n c e p h a l i t i s , a n d t h r o m ­
b o c y t o p e n i c p u r p u r a ( a d e c r e a s e i n b l o o d p l a t e l e t c o u n t ) ( 1 ) . 
I t w a s n o t u n t i l 1 9 6 6 t h a t r u b e l l a o f f i c i a l l y b e c a m e a n a t i o n a l l y 
r e p o r t e d d i s e a s e ( n a t i o n a l l y r e p o r t e d m e a n s t h a t e a c h s t a t e e p i d e m i o l o ­
g i s t i s r e q u i r e d t o r e p o r t t h e n u m b e r o f c a s e s a t t h e e n d o f e a c h w e e k 
t o t h e C e n t e r f o r D i s e a s e C o n t r o l ( C D C ) , A t l a n t a , G e o r g i a ) . H o w e v e r , 
d u e t o t h e l a c k o f s i d e e f f e c t s a s s o c i a t e d w i t h t h e d i s e a s e , a v i c t i m 
o f t e n d o e s n o t s e e a p h y s i c i a n , e s p e c i a l l y w h e n i t i s t h e s e c o n d o r t h i r d 
i n f e c t i o n i n a f a m i l y . I n a d d i t i o n , e v e n t h e m e d i c a l l y a t t e n d e d p a t i e n t s 
a r e u s u a l l y n o t r e p o r t e d t o t h e l o c a l o r s t a t e h e a l t h d e p a r t m e n t . I n 
f a c t , i t h a s b e e n e s t i m a t e d b y e p i d e m i o l o g i s t s s t u d y i n g r u b e l l a t h a t o n l y 
o n e c a s e i n t w e n t y s h o w s u p i n t h e s t a t i s t i c s ( 3 ) . 
P r i o r t o 1 9 6 6 , o n l y a s m a l l n u m b e r o f s t a t e s r e p o r t e d t h e i r r u ­
b e l l a c a s e s ( 4 ) . F i g u r e 1 d e p i c t s t h e i n c i d e n c e o f r u b e l l a i n s o m e o f 
t h e s e s t a t e s o v e r t h e p a s t f o r t y y e a r s . K e e p i n g i n m i n d t h e i n a c c u r a c y 
i n t h e s e d a t a , t h e r e s t i l l a p p e a r s t o b e w i d e v a r i a t i o n i n y e a r l y i n c i d e n c e . 
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F i g u r e 1 . R u b e l l a I n c i d e n c e ( 4 ) - T e n S e l e c t e d A r e a s , v U . S . A . , 
1 9 2 8 - 1 9 7 0 . 
M a i n e , R . I . , C o n n . , N . Y . C . , O h i o , 
I l l i n o i s , W i s c o n s i n , M a r y l a n d , 
W a s h i n g t o n , M a s s a c h u s e t t s 
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M a j o r e p i d e m i c s s e e m t o h a v e o c c u r r e d i n 1 9 3 5 , 1 9 4 3 , a n d 1 9 6 4 , w i t h 
f a i r l y h i g h i n c i d e n c e r a t e s i n 1 9 5 2 a n d 1 9 5 8 . T h e s e d a t a s u g g e s t a 
p e r i o d o f s i x t o n i n e y e a r s b e t w e e n e p i d e m i c s . 
F i g u r e 2 d i s p l a y s t h e r e p o r t e d r u b e l l a c a s e s b y m o n t h f o r 2 4 
s e l e c t e d s t a t e s ( 4 ) . E v e n a c u r s o r y g l a n c e i n d i c a t e s a s t r o n g s e a s o n a l 
p a t t e r n w i t h i n p e r i o d s . T h e p e a k s a p p e a r i n t h e s p r i n g w i t h t h e l o w 
p o i n t i n t h e l a t e s u m m e r . I t h a s b e e n s u g g e s t e d t h a t t h i s m a y b e p a r ­
t i a l l y d u e t o t h e d i s p e r s i o n o f s c h o o l c h i l d r e n d u r i n g t h e s u m m e r m o n t h s . 
F i g u r e 2 . R e p o r t e d R u b e l l a C a s e s b y M o n t h ( 4 ) - T w e n t y - f o u r S e l e c t e d 
S t a t e s , J a n u a r y , 1 9 6 3 - A u g u s t , 1 9 7 0 . 
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F i g u r e 3 d e p i c t s t h e a g e d i s t r i b u t i o n f o r r e p o r t e d r u b e l l a 
c a s e s i n t h e y e a r s 1 9 6 3 t o 1 9 6 7 , t h e p e r i o d o f t h e l a s t m a j o r e p i d e m i c 
( 4 ) . D u r i n g t h i s t i m e p e r i o d , n e a r l y t w o - t h i r d s o f a l l r e p o r t e d c a s e s 
o c c u r r e d i n c h i l d r e n b e t w e e n t h e a g e s o f 5 a n d 1 4 y e a r s . T h e c u m u l a ­
t i v e d i s t r i b u t i o n i n d i c a t e s t h a t 9 2 p e r c e n t o f t h e c a s e s o c c u r r e d b y a g e 
2 0 . H o w e v e r , t h e r e w e r e s t i l l a s i g n i f i c a n t n u m b e r o f c a s e s o c c u r r i n g 
i n y o u n g a d u l t s , p a r t i c u l a r l y w o m e n . 
1 0 0 
* M a s s a c h u s e t t s , C h i c a g o , 1 1 1 . , 
I l l i n o i s ( e x c l u s i v e of C h i c a g o ) , 
a n d N e w Y o r k C i t y , N . Y . N e w 
Y o r k C i t y r e p o r t s c a s e s for 
a g e s 2 0 - 4 4 ; t h e r e f o r e , t h e s e 
f i g u r e s h a v e b e e n a d j u s t e d 
t o t h e 2 0 - 3 9 a g e g r o u p . 
1 0 
0 
0 - 4 5 - 9 1 0 - 1 4 1 5 - 1 9 2 0 - 3 9 4 0 + 
A G E G R O U P 
F i g u r e 3 . C u m u l a t i v e P e r C e n t o f R u b e l l a C a s e s b y A g e G r o u p ( 4 ) 
( f r o m S e l e c t e d A r e a s ) , 1 9 6 3 - 1 9 6 7 . 
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In the 1964-65 epidemic alone, there were approximately 
12, 500, 000 rubella cases of which 20, 000 produced congenital rubella 
children. Of the 12, 500, 000 rubella cases, there were 159, 375 cases 
of arthritis, 2, 084 cases of encephalitis, 2, 160 deaths, 5, 000 thera­
peutic abortions, and 6, 250 cases of excess fetal wastage--direct pro­
ducts of the epidemic (4). 
It is estimated that this one epidemic cost the American public 
over $1,461,274,000 in physician and hospital services, loss of poten­
tial earnings and special provision for congenital rubella s y n d r o m e 
births in the form of medical and institutional care and special educa­
tion. In fact, the congenital rubella cases alone cost m o r e than 
$919, 912, 000, an average of $45, 995 per case (4). It is evident from . 
these figures alone that even a costly means of control might easily be 
justified. 
In 19^2, the rubella virus was first isolated. Four years later 
at the National Institutes of Health, Parkman, et al. (5), were success­
ful in attenuating the rubella virus, enabling them to produce a safe and 
effective vaccine. 
With the introduction of such a successful means of control, it 
seemed at this point that all problems were solved. At first, however, 
there was a shortage of vaccine funds. According to an October, 1969, 
issue of the Journal of the American Medical Association (6), only 
enough money had been appropriated to vaccinate eight million children 
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t h r o u g h J u n e , 1 9 7 0 , w i t h a n e e d f o r f i f t y t o s e v e n t y m i l l i o n v a c c i n e s t o 
w i p e o u t t h e i n f e c t i o n . I n i t i a l l y , t h e p r i c e o f v a c c i n e w a s h i g h b e c a u s e 
o n l y o n e c o m p a n y w a s l i c e n s e d t o m a n u f a c t u r e i t . A s m o r e l i c e n s e s 
w e r e i s s u e d , h o w e v e r , t h e c o s t w a s b r o u g h t d o w n c o n s i d e r a b l y u n t i l 
t h e c o s t w a s n o l o n g e r a n i n f l u e n c i n g f a c t o r . 
I n 1 9 6 9 , t h e N a t i o n a l C e n t e r f o r D i s e a s e C o n t r o l i n A t l a n t a 
c l a i m e d t h a t a f i v e - y e a r m a s s v a c c i n e c a m p a i g n w o u l d e l i m i n a t e r u b e l l a . 
I t s s t r a t e g y w a s t o v a c c i n a t e c h i l d r e n o f a t l e a s t o n e y e a r t h r o u g h p u b l i c 
s c h o o l a g e . I t h a s a l s o b e e n s u g g e s t e d t h a t w o m e n o f c h i l d b e a r i n g a g e 
a l s o r e c e i v e t h e i n j e c t i o n t o e l i m i n a t e m o r e q u i c k l y t h e c o n g e n i t a l r u ­
b e l l a s y n d r o m e . H o w e v e r , t o a v o i d a n y h a r m f u l e f f e c t s t o a n u n b o r n 
f e t u s , t h i s c a n b e d o n e o n l y i f n o p r e g n a n c y c a n b e g u a r a n t e e d f o r t h r e e 
m o n t h s . T h e A m e r i c a n p r o g r a m o f v a c c i n a t i n g p r i m a r i l y s c h o o l c h i l ­
d r e n i s q u i t e d i f f e r e n t f r o m t h a t o f E n g l a n d . E n g l a n d ' s p o l i c y i s t o d i ­
r e c t v a c c i n a t i o n c a m p a i g n s a t t h e p o p u l a t i o n a t r i s k : w o m e n o f c h i l d -
b e a r i n g a g e . I n f a c t , i n c o m p a r i s o n t o o t h e r d i s e a s e s t h e U . S . p o l i c y 
o n r u b e l l a c o n t r o l i s u n i q u e i n t h a t t h e t a r g e t p o p u l a t i o n i s n o t t h e p o p u ­
l a t i o n m o s t a t r i s k . 
U n d e r t h e s e c o n s t r a i n t s i t w o u l d b e h e l p f u l t o k n o w w h a t r e ­
s u l t s d i f f e r e n t v a c c i n a t i o n c a m p a i g n s w o u l d h a v e o n c o n t r o l l i n g r u b e l l a . 
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C H A P T E R I I I 
L I T E R A T U R E S U R V E Y 
T h e r e i s w r i t t e n e v i d e n c e o f e p i d e m i c o u t b r e a k s o f o t h e r d i s ­
e a s e s a s f a r b a c k a s t h e t i m e o f t h e a n c i e n t G r e e k s . H o w e v e r , i t w a s 
n o t u n t i l t h e N i n e t e e n t h C e n t u r y t h a t m e n b e g a n t o a p p l y m a t h e m a t i c a l 
t e c h n i q u e s t o t h e s t a t i s t i c s o f s u c h p h e n o m e n a . 
C u r v e F i t t i n g 
F a r r ( 7 ) , t h e f i r s t t o a p p l y s u c h m e t h o d s , r e c o g n i z e d t h e r e g u ­
l a r i t y o f t h e r i s e a n d d e c l i n e o f e p i d e m i c s a n d t h a t s u c h p a t t e r n s i n e p i ­
d e m i c d a t a c o u l d b e d e s c r i b e d m a t h e m a t i c a l l y . I n 1 8 4 0 , F a r r u s e d 
" s m o o t h e d " s m a l l p o x d e a t h f r e q u e n c i e s , w h i c h h e f i t t e d t o a n o r m a l 
f r e q u e n c y c u r v e . T h i s w a s a f a i r l y g o o d r e p r e s e n t a t i o n o f t h e d e c l i n e 
o f t h e s m a l l p o x e p i d e m i c i n E n g l a n d , 1 8 3 7 - 3 9 . S i m i l a r l y , i n 1 8 6 6 , h e 
t o o k d a t a f r o m t h e E n g l i s h o u t b r e a k o f c a t t l e p l a g u e a n d b y e x t r a p o l a t ­
i n g v a l u e s , h e p r e d i c t e d i t s p r o b a b l e c o u r s e . A l t h o u g h t h e c u r v e s o f 
h i s e s t i m a t i o n s a n d t h e a c t u a l r e p o r t e d d a t a w e r e s i m i l a r i n s h a p e , 
F a r r ' s a p p r o x i m a t i o n r e a c h e d a m a x i m u m e a r l i e r t h a n i t a c t u a l l y o c ­
c u r r e d , w i t h a m o r e r a p i d d e c l i n e . H i s b a s i c a s s u m p t i o n s o n t h e o r d e r ­
l i n e s s o f e p i d e m i c s w e r e o u t w e i g h e d b y t h e i n a c c u r a c y o f t h e c u r v e -
f i t t i n g t e c h n i q u e . 
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F o l l o w i n g i n F a r r ' s f o o t s t e p s , B r o w n l e e ( 7 ) f i t t e d P e a r s o n 
c u r v e s t o t h e c u r v e s o f t h e e p i d e m i c s . H e f o u n d t h a t t h e e p i d e m i c c u r v e s 
w e r e e i t h e r s y m m e t r i c a l o r h a d a s m a l l d e g r e e o f r i g h t s k e w n e s s . H e 
h y p o t h e s i z e d t h a t t h e l a c k o f n e g a t i v e s k e w n e s s w a s d u e t o a d e c r e a s e 
i n t h e i n f e c t i n g p o w e r o f t h e o r g a n i s m p r o d u c i n g t h e d i s e a s e . N e i t h e r 
o f t h e s e c u r v e - f i t t i n g a p p r o a c h e s , h o w e v e r , h a s a s p a r a m e t e r s o f t h e 
c u r v e t h e a c t u a l f a c t o r s i n f l u e n c i n g t h e e p i d e m i c p r o c e s s . W i t h t h e d e ­
v e l o p m e n t o f m a t h e m a t i c a l m e t h o d s a n d g r e a t e r f a m i l i a r i t y w i t h e p i ­
d e m i c s , a n e w a p p r o a c h w a s u s e d . H a m e r c o n c l u d e d t h a t t h e e p i d e m i c 
p r o c e s s i s d e p e n d e n t u p o n t h e n u m b e r o f s u s c e p t i b l e s a n d t h e r a t e a t 
w h i c h t h e s u s c e p t i b l e s m e e t a n d c o n t r a c t t h e d i s e a s e f r o m t h e i n f e c t a n t s . 
I t i s u p o n H a m e r ' s c l a s s i c a l a p p r o a c h t h a t b o t h d e t e r m i n i s t i c a n d s t o ­
c h a s t i c m o d e l s f o r e p i d e m i c s a r e b a s e d . 
D e t e r m i n i s t i c M o d e l s 
I n 1 9 1 1 , R o s s ( 8 ) s e t u p d i f f e r e n c e e q u a t i o n s t o m o d e l a m a ­
l a r i a e p i d e m i c . H i s m o d e l i n c l u d e d n o t o n l y t h e t r a n s i t i o n s i n t h e h u ­
m a n p o p u l a t i o n b u t a l s o t h e b i o l o g i c a l c h a r a c t e r i s t i c s o f t h e v e c t o r 
( m o s q u i t o e s ) t h a t s p r e a d t h e d i s e a s e . H e t h e n e s t i m a t e d t h e r a t e s a t 
w h i c h n e w c a s e s o c c u r a n d c o n c l u d e d t h a t t h e n u m b e r o f c a s e s a t t i m e 
t + 1 e q u a l s t h e c a s e s a t t i m e t p l u s t h e n e w c a s e s m i n u s t h e r e c o v e r i e s . 
A l t h o u g h R o s s u s e d p r o b a b i l i t i e s t o a r r i v e a t t r a n s f e r r a t e s b e t w e e n 
g r o u p s ( r e c o v e r y r a t e a n d i n f e c t i o n r a t e ) , h i s m e t h o d r e m a i n s d e t e r -
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m i n i s t i c i n n a t u r e . 
S i m i l a r l y t o R o s s , K e r m a c k a n d M c K e n d r i c k ( 9 ) u s e d d i f f e r ­
e n c e e q u a t i o n s i n t h e i r s t u d i e s . A d d i n g a g r e a t e r d e g r e e o f g e n e r a l i t y , 
t h e y e x p l o r e d t h e e f f e c t s o f t e m p o r a r y i m m u n i t y a n d s p e c i f i c a n d n o n ­
s p e c i f i c d e a t h r a t e s . T h e i r m o s t s i g n i f i c a n t r e s u l t w a s t h e t h r e s h o l d 
t h e o r e m w h i c h s t a t e s t h a t t h e r e e x i s t s a c r i t i c a l o r t h r e s h o l d d e n s i t y 
v a l u e o f s u s c e p t i b l e s i n o r d e r f o r t h e e p i d e m i c t o e n d . T h e i n t r o d u c t i o n 
o f i n f e c t a n t s i n t o s u c h a c o m m u n i t y o f s u s c e p t i b l e s w o u l d n o t g i v e r i s e 
t o a n e p i d e m i c o u t b r e a k a s l o n g a s t h e d e n s i t y o f s u s c e p t i b l e s r e m a i n e d 
b e l o w t h i s c r i t i c a l v a l u e . I n o t h e r w o r d s , a t e q u i l i b r i u m e i t h e r a n i n ­
f l o w o f s u s c e p t i b l e s o r a n i n c r e a s e i n t h e i n f e c t i o n r a t e w o u l d t e n d t o 
f a v o r a n e p i d e m i c o u t b r e a k . 
t i a l e q u a t i o n s t o m e a s l e s a n d s e t t i n g a t i m e u n i t e q u a l t o t h e l e n g t h o f 
t h e i n c u b a t i o n p e r i o d . A l s o d e a l i n g w i t h a s t e a d y s t a t e s i t u a t i o n , 
S o p e r ' s m o d e l w a s r e p r e s e n t e d b y t h e e q u a t i o n 
S o p e r ( 7 ) , i n 1 9 2 9 , r e f i n e d H a m e r ' s m o d e l a p p l y i n g d i f f e r e n -
Z = — Z - 1 ( 3 . 1 ) m 
w h e r e 
Z = c a s e s a t t i m e t 
= c a s e s a t t i m e t - 1 ' 
x s u s c e p t i b l e s a t t i m e t 
1 3 
m m e a s u r e s " c o n t a c t r a t e " a n d i s t h e s t e a d y s t a t e 
n u m b e r o f s u s c e p t i b l e s s o t h a t o n e c a s e a t t i m e 
t ^ w i l l p r o d u c e o n e n e w c a s e a t t i m e t Q . 
T h e d i f f e r e n c e i n t i m e t a n d t i m e t _ j i s o n e i n c u b a t i o n p e ­
r i o d . S o p e r a l s o t o o k i n t o c o n s i d e r a t i o n s e a s o n a l v a r i a t i o n s a n d e s t i ­
m a t e d a v e r a g e m o n t h l y v a l u e s f o r t h e c o n t a c t r a t e t o a c c o u n t f o r t h e 
r e c u r r i n g m o n t h l y v a r i a t i o n . 
S t o c h a s t i c M o d e l s 
U p u n t i l t h i s p o i n t t h e m o d e l s w e r e d e t e r m i n i s t i c i n n a t u r e . 
I n o t h e r w o r d s , t h e " f u t u r e s t a t e o f t h e e p i d e m i c p r o c e s s c a n b e d e t e r ­
m i n e d p r e c i s e l y w h e n g i v e n t h e i n i t i a l n u m b e r o f s u s c e p t i b l e s a n d i n ­
f e c t i o u s i n d i v i d u a l s t o g e t h e r w i t h t h e a t t a c k - , r e c o v e r y - , b i r t h - , a n d 
d e a t h - r a t e s " ( 8 ) . T h e u s e o f s t o c h a s t i c m o d e l s b e c a m e m o r e p r o m i ­
n e n t w i t h t h e r e a l i z a t i o n t h a t t h e r e e x i s t r a n d o m f a c t o r s c a p a b l e o f a l ­
t e r i n g t h e c o u r s e o f t h e d i s e a s e . T h e s t o c h a s t i c m o d e l d e a l s w i t h t h e 
p r o b a b i l i t y o r c h a n c e o f o n e o r m o r e n e w i n f e c t a n t s o c c u r r i n g w i t h i n a 
t i m e i n t e r v a l . 
L o w e l l J . R e e d a n d W a d e H a m i l t o n F r o s t ( 1 0 ) m o d i f i e d S o p e r 1 s 
m o d e l t o t a k e i n t o a c c o u n t t h e f a c t t h a t c o n t a c t b e t w e e n o n e s u s c e p t i b l e 
a n d o n e o r m o r e i n f e c t a n t s w i l l p r o d u c e e x a c t l y o n e n e w c a s e . I f 
p = p r o b a b i l i t y o f " s u f f i c i e n t " c o n t a c t b e t w e e n a n y t w o 
s p e c i f i e d s u s c e p t i b l e s a n d i n f e c t a n t s , 
t h e n 
q = 1 - p = p r o b a b i l i t y o f t h i s s p e c i f i e d c o n t a c t 
n o t o c c u r r i n g . 
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I t f o l l o w s t h a t i f 
C ^ . = t h e n u m b e r o f i n f e c t a n t s a t t i m e t , 
t h e n 
q t = p r o b a b i l i t y a n y g i v e n s u s c e p t i b l e w i l l n o t h a v e 
s u f f i c i e n t c o n t a c t w i t h a n y o f t h e i n f e c t a n t s 
1 - q t = p r o b a b i l i t y o f s u f f i c i e n t c o n t a c t w i t h a t l e a s t 
o n e i n f e c t a n t r e s u l t i n g i n o n e i n f e c t i o n . 
T h e r e f o r e , i f t h e r e a r e s u s c e p t i b l e s a t t i m e t , t h e n C t + 1 , t h e e x ­
p e c t e d n u m b e r o f c a s e s a t t i m e t + 1 i s S ^ . ( 1 - q ^ ) . 
M a t h e m a t i c a l l y t h i s r e l a t i o n s h i p o f t h e p r o b a b i l i t y o f C ^ . ^ i n f e c ­
t a n t s , g i v e n s u s c e p t i b l e s a n d C j t i n f e c t a n t s a t t i m e t , c a n b e d e s c r i b e d 
b y t h e b i n o m i a l p r o b a b i l i t y 
P ( C t + 1 | S t , C t ) = < | t : ) ( l . q C t , C t + l ( q C t ) S t + l ( 3 - 2 ) 
w h e r e = + ^ t + 1 s i n c e ^ t + 1 c o m e i r o m S ^ . , t h e r e m a i n d e r o f 
w h i c h r e m a i n s u s c e p t i b l e a t t i m e t + 1 . T h e m e a n o r e x p e c t e d v a l u e o f 
t h i s d i s t r i b u t i o n i s a g a i n S ^ ( l - q t ) w i t h v a r i a n c e S t ( l - q t ) q 
E p i d e m i c s c a n b e c a l c u l a t e d f r o m t h i s m o d e l i n b o t h a d e t e r ­
m i n i s t i c a n d s t o c h a s t i c f a s h i o n . U s i n g t h e d e t e r m i n i s t i c m e t h o d , C ^ + ^ , 
t h e n u m b e r o f c a s e s a t e a c h t i m e t f 1 , i s t h e m e a n o f t h e d i s t r i b u t i o n . 
I n c r e m e n t i n g t h r o u g h t i m e 
C t + 1 = S t ( l - q C t ) 
S t + 1 = S t " C t + 1 
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S t + 1 = S t ( l - 1 + q C t ) = S t ( q C t ) . 
U s i n g a s t o c h a s t i c a p p r o a c h , o n t h e o t h e r h a n d , t h e o u t c o m e 
i s n o t s o u n i q u e l y d e t e r m i n e d . W i t h t h e a i d o f a c u m u l a t i v e b i n o m i a l 
d i s t r i b u t i o n F ( C ) a n d r a n d o m n u m b e r s , t h e n u m b e r o f c a s e s e a c h t i m e 
p e r i o d i s g e n e r a t e d r a n d o m l y f r o m a b i n o m i a l d i s t r i b u t i o n w i t h m e a n 
S ^ ( l - q ^ * - ) a n d v a r i a n c e S ^ . ( l - q ^ ) q ^ . S i n c e F ( C ) i s d e f i n e d o v e r a 
r a n g e 0 t o 1 , a r a n d o m n u m b e r r Q o v e r t h e s a m e r a n g e c a n b e g e n e r ­
a t e d s o t h a t i t i s p o s s i b l e t o f i n d t h e v a l u e C Q , n u m b e r o f c a s e s , t h a t 
c o r r e s p o n d s t o r Q b y t h e i n v e r s e f u n c t i o n o f F . 
T h i s s t o c h a s t i c a p p r o a c h t o t h e R e e d - F r o s t m o d e l w a s d e v e l ­
o p e d b y H e l e n A b b e y a n d i s o n e o f t h e t w o f o r m s o f t h e " c h a i n b i n o m i a l " 
m o d e l s . T h e H e l e n A b b e y m o d e l i s a n a l o g o u s t o t h e R e e d - F r o s t d e ­
t e r m i n i s t i c m o d e l i n t h a t i t t a k e s i n t o a c c o u n t t h e f a c t t h a t c o n t a c t b e ­
t w e e n o n e s u s c e p t i b l e a n d o n e o r m o r e i n f e c t a n t s c a n p r o d u c e o n l y o n e 
n e w c a s e , a t t h e m o s t . S i m i l a r l y t o H a m e r - S o p e r , o n t h e o t h e r h a n d , 
G r e e n w o o d ( 8 ) d i d n o t m a k e t h i s a s s u m p t i o n i n h i s c h a i n b i n o m i a l 
m o d e l . G r e e n w o o d l e t 
p = t h e p r o b a b i l i t y o f a n i n f e c t i o u s c o n t a c t b e t w e e n a c a s e 
a n d a s u s c e p t i b l e , a n d 
q = 1 - p = t h e p r o b a b i l i t y o f s u c h a n i n f e c t i o u s c o n t a c t 
n o t o c c u r r i n g . 
I n t h i s m o d e l , t h e r e f o r e , t h e p r o b a b i l i t y o f C t + 1 c a s e s a t t i m e t + 1 , 
g i v e n C , c a s e s a n d S , s u s c e p t i b l e s a t t i m e t i s a b i n o m i a l 
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p < c t + i | s f c t » = <c t + 1 > P ° t + 1 i S t + 1 < 3- 3> 
a n d c a n b e a n a l y z e d s i m i l a r l y t o t h e H e l e n A b b e y ( R e e d - F r o s t ) m o d e l . 
T h e s e m o d e l s a r e a l s o c a l l e d " f a m i l y " e p i d e m i c m o d e l s b e ­
c a u s e t h e y a r e u s u a l l y a p p l i e d t o s m a l l g r o u p s o r t o a h o u s e h o l d . F o r 
e x a m p l e , i n a h o u s e h o l d c o m p o s e d o f f o u r p e r s o n s , a d o u b l e i n t r o d u c ­
t i o n ( t h e f i r s t t w o c a s e s o c c u r a t t h e s a m e t i m e ) c o u l d p r o d u c e t h e f o l l o w ­
i n g t y p e s o f c h a i n s : ( 2 ) , ( 2 , 1 ) , ( 2 , 1 , 1 ) , o r ( 2 , 2 ) . B y s u b s t i t u t i n g 
i n t o b o t h m o d e l s , t h e f o l l o w i n g t a b l e o f f r e q u e n c i e s r e s u l t : 
T o t a l # T y p e s P r o b a b i l i t y o f S p e c i f i e d # o f C a s e s 
o f C a s e s o f C h a i n G r e e n w o o d R e e d - F r o s t 
2 ( 2 ) q 2 q 4 
3 ( 2 , 1 ) 2 p q 2 p ( l + q ) q 2 
4 ( 2 , 1 , 1 ) 2 p 2 q 2 p 2 q 2 ( l + q ) 
( 2 , 2 ) p 2 p 2 ( l + q ) 2 
I n t h e G r e e n w o o d M o d e l t h e e x p e c t e d s i z e o f t h e e p i d e m i c i s 3 . 7 8 1 2 5 
a n d t h e e x p e c t e d s i z e o f t h e R e e d - F r o s t i s 3 . 9 6 2 8 9 . I n c o m p a r i s o n , 
t h e R e e d - F r o s t a n d G r e e n w o o d a r e q u i t e c l o s e t o e a c h o t h e r w h e n c o m ­
p u t i n g t h e t o t a l e x p e c t e d s i z e o f t h e e p i d e m i c b u t a r e n o t w h e n c o n s i d ­
e r e d c h a i n b y c h a i n ( 1 1 ) . 
R e l y i n g h e a v i l y o n K e r m a c k a n d M c K e n d r i c k ' s m o d e l s , 
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B a r t l e t t ( 1 2 ) d e v e l o p e d a s i m p l e s t o c h a s t i c m o d e l a n d w e n t o n t o i n c l u d e 
t h e e f f e c t o f i m m i g r a t i o n g r o w t h p r o c e s s e s , p r e y - p r e d a t o r i n t e r a c t i o n s , 
a n d e s t i m a t i o n o f t o t a l e p i d e m i c s i z e . I n e x a m i n i n g d e t e r m i n i s t i c 
m o d e l s , B a r t l e t t f o u n d t h a t i t c o u l d b e u s e d a s a n a p p r o x i m a t i o n t o s t o ­
c h a s t i c m o d e l s , a n d a s t h e p o p u l a t i o n s i z e i n c r e a s e d , t h e s t o c h a s t i c 
r e s u l t s a p p r o a c h e d t h e d e t e r m i n i s t i c . B a r t l e t t , i n w o r k i n g w i t h r e c u r ­
r e n t m o d e l s w h e r e t h e s u s c e p t i b l e p o p u l a t i o n i s r e p l e n i s h e d , f o u n d t h a t 
" o u t b r e a k s t e n d t o b e r e p e a t e d a t i n t e r v a l s h a v i n g a c e r t a i n p r o b a b i l i t y 
d i s t r i b u t i o n " ( 1 2 ) . 
B a i l e y ( 1 3 ) , i n d e v e l o p i n g a m o r e e l a b o r a t e m o d e l , w o r k e d 
w i t h l a t e n t a n d i n f e c t i o u s p e r i o d s . H e f o u n d t h e s t o c h a s t i c a p p r o a c h t o 
b e a w a y o f r e p r e s e n t i n g a n u m b e r o f e p i d e m i c s f r o m s m a l l g r o u p s i n 
a t o t a l e p i d e m i c c u r v e . B a i l e y a n d B a r t l e t t w e r e t h e s o u r c e o f m o s t o f 
t h e w o r k i n t h i s a r e a d u r i n g t h e 1 9 5 0 ' s . 
R e c e n t R e s u l t s 
M o r e r e c e n t l y e p i d e m i c m o d e l s h a v e b e e n d e v e l o p e d a s p r e ­
s c r i p t i v e m o d e l s . W r i t t e n a f t e r t h e 1 9 6 8 e p i d e m i c o f t h e A s i a n f l u , 
M i c h a e l T h o m a s ( 1 4 ) f o r m u l a t e d a s t o c h a s t i c m o d e l t o e v a l u a t e t h e e f ­
f e c t i v e n e s s o f i s o l a t i o n u p o n t h e c o u r s e o f t h e f l u e p i d e m i c . H i s m o d e l 
i s d e s c r i b e d b y N n o n l i n e a r d i f f e r e n t i a l d i f f e r e n c e e q u a t i o n s ( w h e r e N 
r e p r e s e n t s t h e p o p u l a t i o n s i z e ) h a v i n g t i m e - v a r y i n g c o e f f i c i e n t s . I n 
o r d e r f o r t h e r e t o b e a c l o s e d f o r m s o l u t i o n , N i s r e s t r i c t e d t o r e l a -
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t i v e l y s m a l l p o p u l a t i o n s s u c h a s a c o l l e g e c a m p u s o r a m i l i t a r y t r a i n ­
i n g b a s e . I n i t i a l l y , T h o m a s c o n s i d e r e d t h e e n t i r e p o p u l a t i o n t o b e s u s ­
c e p t i b l e t o t h e d i s e a s e a n d d e s c r i b e d t h r e e d i s t i n c t p h a s e s o f t h e f l u , 
l a t e n t , i n f e c t e d , a n d r e c o v e r i n g . A n o t h e r i n i t i a l a s s u m p t i o n i s t h a t t h e 
t i m e i n t e r v a l s p e n t i n e a c h o f t h e s e p h a s e s i s a r a n d o m v a r i a b l e f r o m 
a n e g a t i v e e x p o n e n t i a l d i s t r i b u t i o n . U s i n g a G P S S s i m u l a t i o n o f t h e 
s y s t e m , T h o m a s a t t e m p t e d t o d e t e r m i n e w h a t e f f e c t v a r i o u s p o l i c i e s 
m i g h t h a v e i n c u r t a i l i n g t h e e p i d e m i c . A s u r p r i s i n g c o n c l u s i o n f r o m 
t h i s a n a l y s i s w a s t h a t i n t h e c a s e o f t h e A s i a n f l u , t h e s p r e a d o f t h e e p i ­
d e m i c w a s n o t d e t e r r e d b y i s o l a t i n g t h o s e p e r s o n s h a v i n g f l u s y m p t o m s . 
A s e c o n d p r e s c r i p t i v e m o d e l w a s d r a w n u p b y R e v e l l e , 
F e l d m a n n , a n d L y n n ( 1 5 ) . B a s e d o n R e v e l l e ' s d o c t o r a l d i s s e r t a t i o n , 
t h i s s t u d y i s a n o p t i m i z a t i o n p r o c e d u r e f o r t u b e r c u l o s i s c o n t r o l . I t 
d e s c r i b e s a T B s y s t e m a n d t h e n s e l e c t s t y p e s a n d i n t e n s i t i e s o f c o n ­
t r o l s t h a t w i l l r e s u l t i n a p a r t i c u l a r n u m b e r o f c a s e s a t a l e a s t c o s t . 
I n i t i a l l y t h e p o p u l a t i o n i s c o n s i d e r e d t o b e d i v i d e d i n t o n i n e 
c a t e g o r i e s r a n g i n g f r o m s u s c e p t i b l e s t o i n a c t i v e c a s e s t o a c t i v e c a s e s 
t o r e c o v e r e d a c t i v e c a s e s . T h e b a s i c s y s t e m i s c o m p l i c a t e d b y t h e 
p o s s i b l e a p p l i c a t i o n o f c h e m o t h e r a p e u t i c a n d p r o p h y l a c t i c m e a s u r e s t o 
s u s c e p t i b l e s , i n a c t i v e , a n d a c t i v e c a s e s . A s i n T h o m a s ' s s t u d y , t h e 
m o d e l i s b a s e d o n t h e n u m b e r o f i n d i v i d u a l s i n e a c h c a t e g o r y a n d t h e 
t r a n s f e r o f t h e s e i n d i v i d u a l s f r o m o n e c a t e g o r y t o a n o t h e r . T h e s y s ­
t e m i s r e p r e s e n t e d b y n i n e d i f f e r e n t i a l e q u a t i o n s d e s c r i b i n g t h e m o v e -
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m e n t b e t w e e n g r o u p s a n d t h e b i r t h a n d d e a t h p r o c e s s e s . E a c h t i m e i n ­
t e r v a l i s s e t e q u a l t o o n e y e a r . R e v e l l e , e t a l . ( 1 5 ) , b a s e d i n f e c t i o n 
r a t e a l o n g w i t h o t h e r p a r a m e t e r s o n s t u d i e s d o n e b y b o t h W a a l e r a n d 
F e r e b e e ( 1 6 ) ( 1 7 ) . T h e y c h o s e i n i t i a l c o n d i t i o n s t o b e r e p r e s e n t a t i v e 
o f c o n d i t i o n s i n s o m e d e v e l o p i n g n a t i o n s . B e c a u s e o f t h e d i f f i c u l t y i n 
s o l v i n g t h e d i f f e r e n c e e q u a t i o n s , a n a p p r o x i m a t e m e t h o d i s u s e d , w h i c h 
p r o v i d e s c l o s e a p p r o x i m a t i o n s t o t h e a c t u a l s o l u t i o n s . 
T o r e p r e s e n t t h i s a s a n o p t i m i z a t i o n m o d e l , a s y s t e m o f e i g h t 
l i n e a r e q u a t i o n s i n t w e l v e u n k n o w n s w a s c h o s e n t o d e s c r i b e t h e c o n ­
s t r a i n t s . T h e o b j e c t i v e f u n c t i o n t o b e m i n i m i z e d w a s 
w h e r e 
Z = c v + c 2 v + c S g + c . z : k + c 2 f m m V i i g t i k . i f { i 
c m = c o s t p e r v a c c i n a t i o n f o r v m v a c c i n a t i o n s i n a m a s s 
c a m p a i g n u n d e r t a k e n i n t h e f i r s t y e a r . ( N o t e t h a t 
v m u s t b e z e r o i n a l l y e a r s e x c e p t t h e f i r s t . ) m 7 r 
c v = c o s t p e r v a c c i n a t i o n f o r v ^ v a c c i n a t i o n s i n y e a r i . 
c ^ = c o s t p e r v a c c i n a t i o n f o r g . i n d i v i d u a l s i n t h e i n a c t i v e 
( n e v e r h a v i n j 
p r o p h y l a x i s . 
n e v e r h a v g B C G v a c c i n a t i o n ) g r o u p r e c e i v i n g 
c , - c o s t p e r v a c c i n a t i o n f o r k . i n d i v i d u a l s i n t h e i n a c t i v e k v I 
( h a v i n g h a d B C G v a c c i n a t i o n ) g r o u p r e c e i v i n g 
p r o p h y l a x i s . 
c ^ = c o s t p e r v a c c i n a t i o n f o r c u r i n g f ^ a c t i v e c a s e s . 
T h e o b j e c t i v e f u n c t i o n r e p r e s e n t s t h e t o t a l c o s t f o r n y e a r s . F o u r p l a n s 
f o r r e d u c t i o n o f t u b e r c u l o s i s w e r e c o n s i d e r e d , e a c h s p a n n i n g a t w e n t y -
y e a r h o r i z o n p e r i o d . T h e f o u r p l a n s d i f f e r e d i n t h e n u m b e r o f y e a r s 
2 0 
t h a t t h e v a c c i n a t i o n s w e r e a p p l i e d a n d w e r e c o m p a r e d w i t h t h e e f f i ­
c a c y o f B C G e q u a l t o 0 p e r c e n t , 3 0 p e r c e n t , a n d 7 0 p e r c e n t . W h e n 
t h e v a c c i n a t i o n p r o g r a m t o o k p l a c e i n a f e w e r n u m b e r o f y e a r s , t h e 
r e s u l t w a s a f e w e r n u m b e r o f m a n - y e a r s o f T B i n a l l c a s e s a l t h o u g h 
t h e c o s t s i n v o l v e d w e r e c o n s i d e r a b l y h i g h e r . 
S u m m a r y 
M a t h e m a t i c a l e p i d e m i c t h e o r y h a s p r o g r e s s e d s t e a d i l y , f r o m 
f i t t i n g k n o w n m a t h e m a t i c a l c u r v e s t o e p i d e m i c c u r v e s , t o m o r e s o p h i s ­
t i c a t e d m o d e l s i n w h i c h t h e e p i d e m i c p r o c e s s i s e x p r e s s e d a s a m a t h e ­
m a t i c a l r e l a t i o n s h i p b e t w e e n t h e n u m b e r o f s u s c e p t i b l e s , i n f e c t a n t s , 
a n d t o t a l p o p u l a t i o n s i z e . 
R e s e a r c h h a s b e e n d i r e c t e d t o w a r d s b o t h d e v e l o p i n g m o r e 
s o p h i s t i c a t e d e p i d e m i c t h e o r y a n d a p p l y i n g t h e s e r e s u l t s t o s p e c i f i c 
d i s e a s e d a t a w i t h t h e i n t e n t o f p r e d i c t i n g t h e f u t u r e c o u r s e o f t h e 
e p i d e m i c p r o c e s s . 
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D E V E L O P M E N T O F A R U B E L L A M O D E L 
I n t r o d u c t i o n 
T h e f i r s t s t e p i n d e v e l o p i n g a m o d e l o f r u b e l l a i s t o d e s c r i b e 
t h e d i s e a s e p r o c e s s . A s i m p l e d e s c r i p t i o n i s s h o w n b e l o w i n F i g u r e 4 . 
S u s c e p t i b l e s I n f e c t a n t s ? 
F i g u r e 4 . A S i m p l e E p i d e m i c P r o c e s s . 
T h e p o p u l a t i o n s t a r t s o u t i n t h e s u s c e p t i b l e c a t e g o r y ; i n o t h e r w o r d s , 
i t i s n o t p r e s e n t l y i n f e c t e d w i t h t h e d i s e a s e b u t u n d e r " p r o p e r c o n d i t i o n s " 
i s c a p a b l e o f b e c o m i n g i n f e c t e d . W h e n t h e i n d i v i d u a l i s e x p o s e d t o t h e 
d i s e a s e u n d e r t h e s e " p r o p e r c o n d i t i o n s , " h e b e c o m e s a n i n f e c t a n t . 
A c t u a l l y , a d i s t i n c t i o n s h o u l d b e m a d e a t t h i s p o i n t b e t w e e n a n i n f e c t i o u s 
i n d i v i d u a l , a n i n f e c t e d i n d i v i d u a l , a n d a n i n f e c t a n t . A n i n f e c t e d i n d i v i ­
d u a l h a s t h e d i s e a s e w i t h s y m p t o m s b u t i s n o t c a p a b l e o f i n f e c t i n g o t h e r s . 
O n t h e o t h e r h a n d , a n i n f e c t i o u s i n d i v i d u a l i s c a p a b l e o f t r a n s m i t t i n g t h e 
d i s e a s e t o o t h e r s b u t i s n o t c o n s i d e r e d t o b e i n f e c t e d ; i n o t h e r w o r d s , 
h e i s a c a r r i e r . T h e c a t e g o r y i n f e c t a n t s c o m b i n e s t h e s e t w o c h a r a c t e r ­
i s t i c s a n d i s , i n t h i s p a p e r , c o n s i d e r e d s y n o n y m o u s w i t h c a s e . F i g u r e 4 , 
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h o w e v e r , d o e s n o t d e s c r i b e t h e c o m p l e t e p r o c e s s . T h e o n l y f l o w i s 
f r o m s u s c e p t i b l e s t o i n f e c t a n t s ; h o w e v e r , a n i n f e c t a n t n e e d n o t a l w a y s 
r e m a i n a n i n f e c t a n t . T h e r e a r e o t h e r a l t e r n a t i v e s . H e m a y r e c o v e r 
f r o m t h e d i s e a s e , b u t t h e n t h e c a t e g o r y h e e n t e r s d e p e n d s on t h e a c t u a l 
p r o c e s s o f t h e d i s e a s e u n d e r c o n s i d e r a t i o n . T h e r e a r e s e v e r a l p o s s i ­
b i l i t i e s . 
F i r s t , u p o n r e c o v e r y h e m a y b e e n t i r e l y c a p a b l e o f b e c o m i n g 
r e i n f e c t e d . I n o t h e r w o r d s , h e r e t u r n s t o t h e s u s c e p t i b l e c a t e g o r y 
u n t i l r e i n f e c t i o n . T h i s i s u s u a l l y m o r e c o m m o n a m o n g u p p e r r e s p i r a ­
t o r y d i s e a s e s r a t h e r t h a n a m o n g t h e " c h i l d h o o d " d i s e a s e s s u c h a s r u ­
b e l l a , c h i c k e n p o x , o r m u m p s . T h i s p r o c e s s i s d e s c r i b e d i n F i g u r e 5 . 
S u s c e p t i b l e s I n f e c t a n t s 
F i g u r e 5 . A S i m p l e E p i d e m i c P r o c e s s w i t h R e i n f e c t i o n . 
T h e o t h e r a l t e r n a t i v e i s t h a t t h e r e c o v e r e d i n d i v i d u a l b e c o m e s 
i m m u n e t o t h e d i s e a s e a n d t h e r e b y i s n o t c a p a b l e o f r e i n f e c t i o n , o f t e n 
k n o w n a s " s u p e r i n f e c t i o n " ( 1 1 ) . T h i s p r o c e s s i s d e s c r i b e d i n F i g u r e 6 . 
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Susceptibles Infectants I m m u n e s 
Figure 6. A Simple Epidemic Process with Immunity. 
A s opposed to Figure 5, here there is no return to the infec­
tant category of individuals who have previously been infectants. 
In-between situations m a y exist either when the recovered in­
dividuals have temporary immunity and after a delayed period of time 
become susceptible, or when the recovered individuals return to being 
susceptible but are not as prone to reinfection as those who have never 
been infected. Medically, this might be explained by a higher resis­
tance to infection. This last alternative would be differentiated by a 
variation in the rate at which the susceptibles without previous infec­
tion and the rate at which the susceptibles with previous infection m o v e 
into the infectant category. 
Assumptions and Restrictions as Applied to Rubella 
The process shown in Figure 6 is a simple description of the 
actual rubella process. This system can be described using three dif­
ferential equations similar in form to those proposed by Kermack and 
McKendrick (9). They are as follows: 
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d C = 
d t 
PES / P ( 4 . 1 ) 
5 * § . = - ( 6 C S / P ) - C 
d t 
( 4 . 2 ) 
d l _ = C ( 4 . 3 ) 
d t 
w h e r e 
S = t h e n u m b e r o f i n d i v i d u a l s i n t h e s u s c e p t i b l e 
c a t e g o r y . 
C = t h e n u m b e r o f i n d i v i d u a l s i n t h e i n f e c t a n t 
( o r c a s e ) c a t e g o r y . 
I = t h e n u m b e r o f i n d i v i d u a l s i n t h e i m m u n e 
c a t e g o r y . 
P = t h e n u m b e r o f i n d i v i d u a l s i n t h e t o t a l 
p o p u l a t i o n ( P = S + C + I ) . 
P r e p r e s e n t s a c o n t a c t r a t e . 
t - t i m e . 
p C S / P = t h e r a t e o f i n f e c t i o n o f s u s c e p t i b l e s ; 
i t i s a n o u t p u t f r o m t h e s u s c e p t i b l e s 
a n d a n i n p u t t o t h e i n f e c t a n t s . 
E q u a t i o n s 4 . 1 , 4 . 2 a n d 4 . 3 d e s c r i b e a n o v e r s i m p l i f i e d s y s t e m . 
T h e r e a r e o t h e r e f f e c t s o n t h e r u b e l l a p r o c e s s t h a t n e e d t o b e r e p r e ­
s e n t e d i f t h e m o d e l i s t o b e a t r u e p i c t u r e o f t h e e p i d e m i c . T h e s e e f ­
f e c t s i n c l u d e b i r t h s , d e a t h s , c h e m o t h e r a p y , p r o p h y l a x i s , i m m u n i t y , 
i m m i g r a t i o n , a n d e m i g r a t i o n . 
F i r s t , t h e r e a r e b o t h b i r t h s a n d d e a t h s t a k i n g p l a c e i n t h e p o p u -
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l a t i o n t h a t a r e c o n s t a n t l y a l t e r i n g t h e p o p u l a t i o n s i z e . I n t h e c a s e o f 
r u b e l l a , a l l n e w b o r n s b e c o m e s u s c e p t i b l e ( a n i n f a n t a c t u a l l y r e t a i n s 
h i s m o t h e r ' s i m m u n i t y f o r a p p r o x i m a t e l y s i x m o n t h s ; h o w e v e r , f o r t h e 
p u r p o s e o f t h e m o d e l , t h i s p e r i o d o f t e m p o r a r y i m m u n i t y w i l l n o t b e 
i n c l u d e d ) . T h e r e f o r e , a l l b i r t h s w i l l b e a d d e d t o t h e s u s c e p t i b l e p o p u ­
l a t i o n . O n t h e o t h e r h a n d , d e a t h s a r e f r o m a l l g r o u p s , o r t h e t o t a l 
p o p u l a t i o n . B u t , w h e t h e r t h e s e d e a t h s c o m e o u t o f e a c h c a t e g o r y a t 
t h e s a m e r a t e m u s t b e c o n s i d e r e d . I n o t h e r d i s e a s e s t h e y m a y n o t - -
t h e d e a t h r a t e a m o n g i n f e c t a n t s m a y b e h i g h e r t h a n a m o n g t h e w e l l 
p o p u l a t i o n . A l t h o u g h t h e c h a n c e d o e s e x i s t t o d i e f r o m r u b e l l a ( a s 
w i t h m e a s l e s e n c e p h a l i t i s ) , t h e p r o b a b i l i t y i s v e r y s m a l l a n d f o r t h e 
p u r p o s e o f t h i s m o d e l w i l l b e c o n s i d e r e d t o b e z e r o . I n o t h e r w o r d s , i t 
w i l l b e a s s u m e d t h a t r u b e l l a d o e s n o t i n c r e a s e t h e r i s k o f d e a t h a n d t h e 
d e a t h r a t e w i l l b e c o n s t a n t a m o n g a l l g r o u p s . 
A t h i r d c o n s i d e r a t i o n i s c h e m o t h e r a p y , t h e t r e a t m e n t o f d i s e a s e 
b y c h e m i c a l r e a g e n t s . D r u g t h e r a p y d o e s n o t a l t e r t h e c o u r s e o f r u b e l l a 
i n t e r m s o f a m o r e r a p i d r e c o v e r y a n d i s o n l y f o r t h e p u r p o s e o f t r e a t ­
i n g s y m p t o m s . S i n c e i t d o e s n o t m o d i f y t h e l e n g t h o f d i s e a s e n o r t h e 
i n f e c t i v i t y o f t h e d i s e a s e , c h e m o t h e r a p y w i l l n o t b e a p a r a m e t e r i n t h i s 
m o d e l . 
O n t h e o t h e r h a n d , p r o p h y l a x i s d o e s e x i s t i n t h e f o r m o f a r e l a ­
t i v e l y n e w r u b e l l a v a c c i n e . A l t h o u g h a n t i b o d y l e v e l s ( a m e a s u r e i n d i c a t ­
i n g i m m u n i t y ) a r e g e n e r a l l y l o w e r i n v a c c i n a t e d i n d i v i d u a l s a s c o m p a r e d 
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t o t h o s e o b s e r v e d i n r e s p o n s e t o n a t u r a l r u b e l l a i n f e c t i o n , t h i s v a c c i n e 
d o e s p r o t e c t a g a i n s t i l l n e s s o n n a t u r a l e x p o s u r e , o r a d e q u a t e c o n t a c t . 
A c c o r d i n g t o t h e P u b l i c H e a l t h S e r v i c e A d v i s o r y C o m m i t t e e o n I m m u n i ­
z a t i o n P r a c t i c e s ( 1 8 ) , s u c h a n t i b o d y l e v e l s i n v a c c i n a t e d i n d i v i d u a l s 
h a v e d e c l i n e d s l i g h t l y o v e r a f i v e - y e a r o b s e r v a t i o n p e r i o d ( a l t h o u g h i m ­
m u n i t y p e r s i s t s ) , b u t o n l y c o n t i n u e d o b s e r v a t i o n c a n a b s o l u t e l y d e t e r ­
m i n e w h e t h e r l o n g - t e r m p r o t e c t i o n c a n b e e x p e c t e d . R u b e l l a v a c c i n e 
a s a f o r m o f p r o p h y l a x i s w i l l b e i n c l u d e d i n t h i s m o d e l f r o m 1 9 6 9 o n , 
s i n c e i t w a s n o t u n t i l t h i s t i m e t h a t i t c a m e i n t o a c t i v e u s e . F o r t h e 
y e a r s p r i o r t o a n d i n c l u d i n g 1 9 6 8 , v a c c i n e w i l l b e c o n s i d e r e d n o n ­
e x i s t e n t . T h e v a c c i n e a n d n a t u r a l i n f e c t i o n w i l l b e a s s u m e d t o p r o v i d e 
l o n g - t e r m p r o t e c t i o n , o r i m m u n i t y , a g a i n s t r u b e l l a . 
A s a l a s t c o n s i d e r a t i o n , i m m i g r a t i o n a n d e m i g r a t i o n w i l l n o t 
b e i n c l u d e d b e c a u s e t h e e x a c t n a t u r e o f t h e s e w o u l d b e i m p o s s i b l e t o 
d e f i n e . T h e r e f o r e , t h e m o d e l w i l l b e r e s t r i c t e d t o a c l o s e d p o p u l a t i o n . 
I n r e v i e w , t h e a s s u m p t i o n a n d p a r a m e t e r s i n c o r p o r a t e d i n t o 
t h i s m o d e l a r e a s f o l l o w s : 
1 . B i r t h s a r e a n i n p u t t o t h e s u s c e p t i b l e p o p u l a t i o n 
o n l y . 
2 . D e a t h s a r e a n o u t p u t f r o m a l l c a t e g o r i e s o f t h e 
p o p u l a t i o n a t t h e s a m e r a t e . 
3 . C h e m o t h e r a p y w i l l n o t b e i n c l u d e d . 
4 . V a c c i n e w i l l b e i n c l u d e d b e g i n n i n g i n 1 9 6 9 . 
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5 . B o t h r u b e l l a v a c c i n e a n d n a t u r a l i n f e c t i o n 
c o n f e r l o n g - t e r m i m m u n i t y . 
6 . T h e m o d e l i s r e s t r i c t e d t o a c l o s e d p o p u l a t i o n . 
7 . H o m o g e n e o u s m i x i n g . 
T h e m o d e l c a n n o w b e d e s c r i b e d b y t h e f o l l o w i n g d i f f e r e n t i a l 
e q u a t i o n s : 
^ 2 = 6 C S / P - Y C 
d t 
( 4 . 4 ) 
d S 
d t 
- p C S / P + | i P - Y S - v S ( 4 . 5 ) 
d l _ 
d t 
= C + v S - Y I ( 4 . 6 ) 
w h e r e 
— - | j . P - Y P ( 4 . 7 ) 
d t 
S = t h e n u m b e r o f i n d i v i d u a l s i n t h e s u s c e p t i b l e 
c a t e g o r y . 
C = t h e n u m b e r o f i n d i v i d u a l s i n t h e i n f e c t a n t 
( o r c a s e ) c a t e g o r y . 
I = t h e n u m b e r o f i n d i v i d u a l s i n t h e i m m u n e 
c a t e g o r y . 
P = t h e n u m b e r o f i n d i v i d u a l s i n t h e t o t a l 
p o p u l a t i o n ( P = C + S + I ) . 
P r e p r e s e n t s a c o n t a c t r a t e b e t w e e n s u s c e p t i b l e s 
a n d i n f e c t a n t s l e a d i n g t o i n f e c t i o n o f t h e 
s u s c e p t i b l e i n d i v i d u a l . 
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| J L = t h e b i r t h r a t e . 
Y = t h e d e a t h r a t e . 
v = t h e p e r c e n t a g e o f s u s c e p t i b l e s b e i n g v a c c i n a t e d . 
M e t h o d o f S o l u t i o n 
S e v e r a l a v e n u e s t o w a r d s s o l u t i o n o f t h e m o d e l d e s c r i b e d a r e 
p o s s i b l e . O f t e n t h e s i m p l e s t m e t h o d o f e v a l u a t i n g a s e t o f e q u a t i o n s i s 
t o s o l v e t h e m m a t h e m a t i c a l l y . H o w e v e r , E q u a t i o n s 4 . 4 t h r o u g h 4 . 7 
d o n o t l e n d t h e m s e l v e s t o a d i r e c t m a t h e m a t i c a l s o l u t i o n . I n t r y i n g t o 
s o l v e s i m i l a r e q u a t i o n s , B a i l e y ( 8 ) f o u n d t h a t h e h a d t o r e s o r t t o a p ­
p r o x i m a t i o n s . T h e p u r p o s e , h o w e v e r , o f t h i s r e s e a r c h w a s n o t t o d e ­
r i v e a s i n g l e n u m e r i c a l s o l u t i o n f o r a n y o f t h e v a r i a b l e s b u t r a t h e r t o 
o b s e r v e h a p p e n i n g s i n a m o d e l p o p u l a t i o n . I t i s f o r t h i s r e a s o n t h a t a 
s i m u l a t i o n t e c h n i q u e w a s c h o s e n . 
A t f i r s t a M o n t e C a r l o s i m u l a t i o n m o d e l w a s c o n s i d e r e d . H o w ­
e v e r , t h i s w o u l d i n v o l v e d e c i d i n g o n d i s t r i b u t i o n s f o r e a c h o f t h e r a n d o m 
v a r i a b l e s ( c o n t a c t r a t e ) a n d t h e n c h o o s i n g a r a n d o m n u m b e r e a c h t i m e 
p e r i o d t o d e t e r m i n e t h e v a l u e o f t h e r a n d o m v a r i a b l e . T h i s p r o c e s s i s 
t i m e c o n s u m i n g ( o n t h e c o m p u t e r ) w h e n a t t h e s a m e t i m e a d e t e r m i n i s ­
t i c a p p r o a c h w o u l d b e a n a p p r o x i m a t i o n t o s u c h a m e t h o d . 
A n e x a m p l e o f s u c h a s t o c h a s t i c m o d e l w o u l d b e a v a r i a t i o n o f 
t h e R e e d - F r o s t m o d e l ( t o a p p l y t o r u b e l l a ) . I t w a s f o u n d , h o w e v e r , 
t h a t t h i s a p p r o a c h p l a c e d l i m i t a t i o n s o n t h e p o p u l a t i o n s i z e , a c o n d i t i o n 
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n o t d e s i r e d i n t h i s s t u d y . A s i m i l a r a p p r o a c h w a s u s e d b y E l v e b a c k 
( 1 9 ) a n d o v e r a l l r u n n i n g t i m e w a s f i f t y m i n u t e s f o r 1 0 0 t r i a l e p i d e m i c s 
s t u d y i n g a p o p u l a t i o n o f o n l y 5 0 0 p e r s o n s . O n t h e o t h e r h a n d , t h i s 
m e t h o d w o u l d s h o w t h e v a r i a t i o n s i n t h e p o s s i b l e o u t c o m e s r a t h e r t h a n 
o n l y m e a n v a l u e s . 
A c o m p u t e r s i m u l a t i o n o f a d e t e r m i n i s t i c m o d e l w a s c h o s e n 
s o t h a t l a r g e p o p u l a t i o n s c o u l d b e d e a l t w i t h a n d s i n g l e n u m e r i c a l s o l u ­
t i o n s w o u l d n o t b e t h e o n l y p r o d u c t o f t h e m o d e l . C h a p t e r V d i s c u s s e s 
t h e s o u r c e o f d a t a o r i n p u t t o t h e m o d e l a n d t h e i n i t i a l s t a t u s o f t h e 
p o p u l a t i o n . T h e m o d e l i s t h e n s i m u l a t e d u s i n g a s e t o f i n i t i a l c o n d i ­
t i o n s , a n d t h e r e s u l t s a r e c o m p a r e d t o t h e o b s e r v e d o c c u r r e n c e s i n 
t h e r e a l p o p u l a t i o n u n d e r s t u d y . T h e i n i t i a l c o n d i t i o n s a r e l a t e r v a r i e d 
t o t e s t t h e s e n s i t i v i t y o f t h e m o d e l t o v a r i a t i o n s i n t h e s e v a l u e s . A l s o , 
a l t e r n a t i v e v a c c i n a t i o n p r o g r a m s a r e i n c o r p o r a t e d i n t o t h e m o d e l t o 
s e e t h e e f f e c t t h e y h a v e o n t h e c o n t i n u i n g o f t h e r u b e l l a p r o c e s s . 
C h a p t e r V I d e a l s w i t h a n a g e - s t r a t i f i e d e p i d e m i c m o d e l i n 
w h i c h h o m o g e n e o u s m i x i n g a m o n g i n d i v i d u a l s i n t h e p o p u l a t i o n i s n o t a 
n e c e s s a r y c o n d i t i o n . 
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C H A P T E R V 
R E S U L T S O F S I M U L A T I O N 
T h e m e t h o d f o r s o l v i n g t h e m o d e l d e v e l o p e d i n C h a p t e r I V a n d 
r e p r e s e n t e d b y E q u a t i o n s 4 . 4 , 4 . 5 , 4 . 6 , a n d 4 . 7 i s a F O R T R A N I V 
s i m u l a t i o n o f a r e a l p o p u l a t i o n . W r i t t e n o r i g i n a l l y f o r a B u r r o u g h s 
5 5 0 0 , t h i s p r o g r a m w a s f i r s t m o d i f i e d f o r a n I B M 3 6 0 , a n d f i n a l r u n s 
w e r e m a d e u s i n g a n I B M 7 0 9 4 . I t i s d i s p l a y e d i n A p p e n d i x I . 
S o u r c e o f D a t a a n d I n i t i a l C o n d i t i o n s 
T h e b a s i s f o r m o s t o f t h e r u b e l l a d a t a u s e d i n t h i s s t u d y i s 
t h e C e n t e r f o r D i s e a s e C o n t r o l ( C D C ) , A t l a n t a , G e o r g i a . I n 1 9 6 6 , t h e 
C o n f e r e n c e o f S t a t e a n d T e r r i t o r i a l E p i d e m i o l o g i s t s p l a c e d r u b e l l a o n 
t h e l i s t o f n o t i f i a b l e d i s e a s e s . T h i s m e a n s t h a t e a c h s t a t e i s r e q u i r e d 
t o r e p o r t t h e n u m b e r o f i n f e c t e d c a s e s a t t h e e n d o f e a c h w e e k . P r i o r 
t o 1 9 6 6 , m a n y s t a t e s v o l u n t a r i l y r e p o r t e d r u b e l l a c a s e s , b u t t h i s d i d n o t 
n e c e s s a r i l y m e a n t h a t t h e e n t i r e s t a t e w a s r e p o r t i n g . A l t h o u g h d a t a 
a r e n o w s u b m i t t e d i n a w e e k l y t e l e g r a p h i c r e p o r t , t h e c o m p l e t e n e s s i n 
r e p o r t i n g a s w e l l a s t h e t y p e a n d a c c u r a c y o f t h e i n f o r m a t i o n v a r i e s 
b o t h b e t w e e n a n d w i t h i n s t a t e s . B a s e d o n c o n v e r s a t i o n s w i t h r u b e l l a 
e p i d e m i o l o g i s t s a n d t h e r e c o r d l i b r a r i a n a t t h e C D C ( w h o i s r e s p o n s i b l e 
f o r t h i s d a t a c o l l e c t i o n ) , i t i s f e l t t h a t d a t a f r o m c e r t a i n s e c t i o n s o f t h e 
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c o u n t r y a r e m o r e r e l i a b l e t h a n o t h e r s - - p a r t i c u l a r l y r e l i a b l e i s t h e E a s t 
N o r t h C e n t r a l s e c t i o n o f t h e U n i t e d S t a t e s . 
O n t h i s b a s i s t h e E a s t N o r t h C e n t r a l s e c t i o n w a s c h o s e n a s t h e 
t e s t p o p u l a t i o n f o r s t u d y . T h i s s e c t i o n i n c l u d e s : O h i o , I n d i a n a , I l l i n o i s , 
M i c h i g a n , a n d W i s c o n s i n . D u e t o d a t a a v a i l a b i l i t y , t h e s i m u l a t i o n s t u d y 
b e g i n s i n 1 9 6 6 . B a s e d u p o n f i t t i n g t h i s m o d e l t o 1 9 6 6 d a t a , e x p e c t e d 
d a t a f o r f u t u r e y e a r s w i l l b e p r e d i c t e d . 
T h e m o d e l i s d i v i d e d i n t o i n t e r v a l s o f t w o - w e e k p e r i o d s , t h e 
l e n g t h o f t i m e a p a t i e n t i s i n f e c t i o u s . S i n c e r u b e l l a i s c h a r a c t e r i z e d 
b y a f a i r l y c o n s t a n t p e r i o d o f i n f e c t i o n , d i s c r e t e t i m e p e r i o d s i s a v a l i d 
a s s u m p t i o n . A n o t h e r r e a s o n f o r t w o - w e e k i n t e r v a l s i n v o l v e s r e p o r t i n g . 
S i n c e r u b e l l a i s r e p o r t e d w e e k l y , t h i s i s a w a y o f s m o o t h i n g t h e d a t a . 
T h u s , t h e r e w i l l b e 2 6 s u c h i n t e r v a l s p e r y e a r . 
A d e t e r m i n i s t i c a p p r o a c h w a s c h o s e n s i n c e a l a r g e p o p u l a t i o n 
i s b e i n g c o n s i d e r e d . T h u s , t h e m o d e l i s d e p e n d e n t u p o n t h e i n i t i a l c o n ­
d i t i o n s a n d t h e r a t e s i n v o l v e d . 
T h e s e i n i t i a l c o n d i t i o n s a r e t h e n u m b e r s o f p e r s o n s i n e a c h o f 
t h e c a t e g o r i e s - - i n f e c t a n t s , i m m u n e s a n d s u s c e p t i b l e s - - t h e s u m o f 
w h i c h i s t h e t o t a l p o p u l a t i o n . T h e t o t a l s t u d y p o p u l a t i o n i s e q u a l t o t h e 
t o t a l p o p u l a t i o n o f t h e E a s t N o r t h C e n t r a l s e c t i o n o f t h e U n i t e d S t a t e s 
a t t h e b e g i n n i n g o f t h e s i m u l a t e d t i m e p e r i o d , 1 9 6 6 . A c c o r d i n g t o U . S . 
c e n s u s d a t a ( 2 0 ) , t h e p o p u l a t i o n a t t h a t t i m e w a s 3 8 , 4 8 0 , 0 0 0 . 
T h e i n i t i a l n u m b e r o f i n f e c t a n t s w a s b a s e d o n t h e n u m b e r o f 
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r e p o r t e d c a s e s d u r i n g t h e f i r s t t w o w e e k s o f 1 9 6 6 . F o r t h e E a s t N o r t h 
C e n t r a l s e c t i o n ( E N C ) , t h i s n u m b e r w a s 4 1 6 i n f e c t a n t s , 1 0 3 i n " W e e k 1 
a n d 3 1 3 i n W e e k 2 . 
T h e i n i t i a l n u m b e r o f i m m u n e s , o n t h e o t h e r h a n d , i s m u c h 
m o r e d i f f i c u l t t o d e f i n e . I t i s n o t a s t a t i s t i c t h a t i s r e c o r d e d . I t c a n ­
n o t b e c o u n t e d o n t h e b a s i s o f a p e r s o n ' s r e m e m b e r i n g h a v i n g a h i s t o r y 
o f t h e d i s e a s e . S e v e r a l s t r a t i f i e d r a n d o m s e r o s u r v e y s ( 4 ) h a v e b e e n 
c o n d u c t e d i n d i f f e r e n t a r e a s o f t h e c o u n t r y t o d e f i n e a g e - s p e c i f i c i m m u ­
n i t y o n t h e b a s i s o f p e r s o n s w i t h r u b e l l a h e m a g g l u t i n a t i o n - i n h i b i t i o n 
( H I ) a n t i b o d y . M o s t o f t h e s e s t u d i e s h a v e p l a c e d t h e p e r c e n t o f s e r o -
i m m u n e s i n t h e t o t a l p o p u l a t i o n , i n 1 9 6 6 , s o m e w h e r e b e t w e e n 7 5 a n d 
8 0 p e r c e n t . I t i s i m p o r t a n t t o r e m e m b e r t h a t s i n c e r u b e l l a r e p o r t i n g 
i s " i n c o m p l e t e a n d d i a g n o s t i c a c c u r a c y v a r i a b l e , a n d s i n c e a s i g n i f i c a n t 
p r o p o r t i o n o f r u b e l l a i n f e c t i o n s a r e s u b c l i n i c a l " ( 4 ) , s e r o l o g i c a l d a t a i s 
a b o u t t h e o n l y w a y t o d e t e r m i n e t h i s i n f o r m a t i o n r e g a r d i n g s u s c e p t i b i l ­
i t y . O n t h i s b a s i s , t h e i n i t i a l n u m b e r o f i m m u n e s w i l l b e a s s u m e d t o 
b e 3 0 , 0 0 0 , 0 0 0 ( a p p r o x i m a t e l y 7 8 p e r c e n t ) . T h e r e w i l l b e f u r t h e r d i s ­
c u s s i o n i n l a t e r s e c t i o n s o f t h i s c h a p t e r o n t h e s e n s i t i v i t y o f t h e m o d e l 
t o v a r i a t i o n s i n t h i s v a l u e . 
T h e r e m a i n i n g i n i t i a l p o p u l a t i o n v a l u e i s t h e n u m b e r o f s u s c e p ­
t i b l e s . S i n c e S = P - C - I , t h e i n i t i a l n u m b e r o f s u s c e p t i b l e s i s 
8 , 4 7 9 , 5 8 4 ( a p p r o x i m a t e l y 2 2 p e r c e n t ) . 
T h e i n i t i a l r a t e s t o b e i n c l u d e d a r e L A , Y , a n d ( 3 . T h e 
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b i r t h r a t e , ( j l , a n d t h e d e a t h r a t e , y , w e r e b a s e d o n 1 9 7 0 c e n s u s d a t a 
( 2 0 ) w h i c h g i v e y e a r l y b i r t h a n d d e a t h r a t e s f o r d i f f e r e n t s e c t i o n s o f t h e 
c o u n t r y . S i n c e t h e r e w a s l i t t l e v a r i a t i o n i n t h e s e r a t e s , l e t | j t y = 1 9 . 1 
p e r t h o u s a n d w h e r e \ ± y i s t h e y e a r l y b i r t h r a t e , a n d l e t " Y = 9 . 7 p e r 
t h o u s a n d w h e r e \ i s t h e y e a r l y d e a t h r a t e . H o w e v e r , s i n c e t h i s s i m u ­
l a t i o n i s b a s e d o n 2 6 t w o - w e e k p e r i o d s , t h e b i r t h a n d d e a t h r a t e s n e e d 
t o b e b i w e e k l y r a t e s . I n c o m p u t i n g \i a n d Y , i t i s i m p o r t a n t t o r e a l ­
i z e t h a t t h i s h a s s i m i l a r p r o p e r t i e s t o a c o m p o u n d i n g f u n c t i o n . I n t h e 
c a s e o f b i r t h s , t h e n u m b e r o f p e o p l e i n t h e p o p u l a t i o n a t t h e e n d o f t h e 
f i r s t y e a r ( n o t a c c o u n t i n g f o r d e a t h s ) i s 
w h e r e 
P Q = t h e i n i t i a l p o p u l a t i o n s i z e . 
[ j - y = t h e y e a r l y b i r t h r a t e . 
I n c o n v e r t i n g f r o m y e a r l y i n c r e m e n t s t o b i w e e k l y i n c r e m e n t s , t h e b i r t h 
p r o c e s s c a n b e r e p r e s e n t e d b y t h e f o l l o w i n g e q u a t i o n : 
P = (1 + M- ) P i y o ( 5 . 1 ) 
P , = ( 1 + LL ) P = ( 1 + [ l ) T P 
1 r y o x r o 
( 5 . 2 ) 
w h e r e 
T = t h e n u m b e r o f d i s c r e t e t i m e i n t e r v a l s p e r 
y e a r ( i n t h i s c a s e T = 2 6 ) . 
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| j i = t h e b i r t h r a t e p e r t w o - w e e k p e r i o d . 
S o l v i n g f o r L I , 
n = e ' l Q g < 1 + ^ y > ) / T - 1 
S i m i l a r l y , t h e b i w e e k l y d e a t h r a t e c a n b e c o m p u t e d 
v = j . e ( log (1- \ y ) ) / T { 5 > 4 ) 
w h e r e 
y ^ = t h e y e a r l y d e a t h r a t e . 
V = t h e d e a t h r a t e p e r t w o - w e e k p e r i o d . 
I n c h o o s i n g ( 3 , t h e c o n t a c t r a t e , i t i s i m p o r t a n t t o r e m e m b e r 
t h a t i t i s a m e a s u r e m e n t o f t h e s u s c e p t i b i l i t y o f t h e h o s t , t h e i n f e c t i v i t y 
o f t h e r u b e l l a v i r u s , a n d t h e s o c i a l c o n d i t i o n s i n t h e p o p u l a t i o n a t r i s k . 
I t i s o b v i o u s t h a t t h e s e a r e s u b j e c t t o c h a n g e o v e r t i m e a n d m a y b e i n ­
f l u e n c e d b y s u c h f a c t o r s a s c h i l d r e n b e i n g i n a n d o u t o f s c h o o l . T h e r e ­
f o r e , i f t h e r e p o r t e d r u b e l l a c a s e s a r e u s e d t o c a l c u l a t e t h i s c o n t a c t 
r a t e , i t s e e m s t h a t ( 3 v a r i e s o v e r t i m e w i t h i n e a c h y e a r l y c y c l e . F r o m 
t h e e p i d e m i o l o g y o f r u b e l l a , i t i s k n o w n t h a t t h e r e i s a s t r o n g s e a s o n a l 
p a t t e r n i n r e p o r t e d r u b e l l a c a s e s p e r y e a r . B a s e d o n t h i s c y c l i c v a r i a ­
t i o n , ( 3 m u s t b e t i m e d e p e n d e n t a n d w i l l b e r e p r e s e n t e d b y ( 3 ^ . , t = 1 , 
. . . T w h e r e T = 2 6 , t h e n u m b e r o f t i m e i n t e r v a l s c o n s i d e r e d i n o n e 
y e a r . 
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T h e ( 3 t ' s w i l l t h e r e f o r e b e c a l c u l a t e d f r o m 1 9 6 6 r u b e l l a d a t a 
a n d t h e n s u b s t i t u t e d i n t o t h e m o d e l t o p r e d i c t t h e f o l l o w i n g y e a r s . 
T h e b a s i c e q u a t i o n w h i c h d e t e r m i n e s t h e n u m b e r o f i n f e c t a n t s 
a t e a c h t i m e p e r i o d i s 
ct+i = Ptstct / pt - * ct <5-5> 
w h e r e 
t = a t i m e p e r i o d t . 
S o l v i n g f o r ( 3 t, 
Pt = ( P t / S t ) ( ( C t + 1 / C t ) + Y ) ( 5 . 6 ) 
S u b s t i t u t i n g i n i n i t i a l v a l u e s f o r s u s c e p t i b l e s , i m m u n e s , t o t a l p o p u l a t i o n 
s i z e , d e a t h - r a t e s , a n d t h e r e p o r t e d n u m b e r o f i n f e c t e d c a s e s p e r w e e k 
f o r o n e y e a r , a l l t h e n e e d e d i n f o r m a t i o n i s k n o w n . T h u s , t h e c a n 
b e c o m p u t e d f o r t = 1 , . . . 2 6 . 
T h e I n i t i a l M o d e l 
W h e n s i m u l a t i n g t h e m o d e l u s i n g t h e s e c o n d i t i o n s , i t w a s f o u n d 
t h a t t h e e p i d e m i c p r o c e s s d i d n o t c o n t i n u e v e r y f a r i n t o t h e f i r s t y e a r 
o f p r e d i c t i o n s ( 1 9 6 7 ) . I n t r y i n g t o f i n d a c a u s e f o r t h e f a i l u r e o f t h e 
m o d e l , t h e p o s s i b i l i t y o f u n d e r r e p o r t i n g w a s r e c o n s i d e r e d . A c c o r d i n g 
t o W i t t e , e t a l . ( 3 ) , 
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I t i s e s t i m a t e d t h a t o n l y o n e c a s e o f c l i n i c a l r u b e l l a i n 2 0 i s 
r e p o r t e d . A l t h o u g h t h e s e s u r v e i l l a n c e d a t a c a n n o t b e c o n s i d e r e d 
q u a n t i t a t i v e l y a c c u r a t e , i t i s u s e f u l t o d e p i c t t h e t r e n d s a n d 
p a t t e r n s o f r u b e l l a o c c u r r e n c e i n t h e U n i t e d S t a t e s . 
I f t h i s i s t h e c a s e , i t i s r e a s o n a b l e t h a t a m o d e l b a s e d o n s u c h u n d e r 
r e p o r t i n g s h o u l d q u i c k l y d i m i n i s h s i n c e s u c h a s m a l l n u m b e r o f c a s e s 
w o u l d n o t k e e p t h e e p i d e m i c g o i n g . 
T o t e s t t h i s h y p o t h e s i s , a c o r r e c t i o n f a c t o r w a s i n t r o d u c e d i n ­
c r e a s i n g t h e r e p o r t e d c a s e s b y a m u l t i p l i c a t i v e c o n s t a n t . 
T h e r e s u l t s o f a s i m u l a t i o n w i t h a c o r r e c t i o n f a c t o r o f 2 2 a r e 
d i s p l a y e d i n F i g u r e 7 a n d T a b l e 1 . T h e c a s e s h a v e b e e n a c c u m u l a t e d 
a l s o b y 4 - w e e k p e r i o d s i n F i g u r e 8 a n d b y 8 - w e e k p e r i o d s i n F i g u r e 9 
i n o r d e r t o e x a m i n e w h a t i s o c c u r r i n g b y m o n t h s a n d b y s e a s o n s . T h e 
t o t a l n u m b e r o f i n f e c t a n t s a r e d i s p l a y e d a s r e p o r t e d . A l t h o u g h t h e m u l ­
t i p l i c a t i v e c o n s t a n t , F A C T O R , h a s b e e n i n c o r p o r a t e d i n t o t h e m o d e l , 
t h e o b s e r v e d d a t a h a s b e e n r e d i v i d e d b y t h i s c o n s t a n t b e f o r e b e i n g r e ­
c o r d e d i n F i g u r e s 7 , 8 , a n d 9 a n d T a b l e 1 . 
T h e e x p e c t e d c a s e s ( t h o s e r e p o r t e d t o C D C ) i n 1 9 6 7 a n d 1 9 6 8 
w e r e 8 , 3 1 1 a n d 1 1 , 2 3 2 , r e s p e c t i v e l y . T h e o b s e r v e d c a s e s , p r o d u c e d 
b y t h e m o d e l , f o r t h e s e t w o y e a r s w e r e 8 , 1 3 2 a n d 1 3 , 9 2 2 . I t i s i n t e r ­
e s t i n g t o n o t e f r o m t h e s e g r a p h s t h a t t h e o b s e r v e d e p i d e m i c p e a k s l a t e r 
t h a n e x p e c t e d , a c h a r a c t e r i s t i c a l s o f o u n d i n A b b e y ' s ( l O ) R e e d - F r o s t 
a p p l i c a t i o n t o G e r m a n m e a s l e s . I n b o t h 1 9 6 7 a n d 1 9 6 8 , t h e r i s e i n o b ­
s e r v e d c a s e s o c c u r s a t a s l o w e r p a c e t h a n e x p e c t e d , b u t u p o n r e a c h i n g 
T A B L E 1. Simulation: Results of Rubella Model 
RATE YEAR 1 YEAR 2 YEAR 3 YEAR 4 YEAR 5 YEAR 6 YEAR 7 
6.071 416 165 187 533 1131 4 5 8 172 
5.021 555 228 268 786 1605 6 1 2 237 
6.769 61 4 259 319 958 1881 676 269 
5.517 917 400 513 1577 2966 1008 413 
4.921 1116 502 672 2111 3793 1225 518 
4.444 1211 563 786 2515 4 2 9 8 1327 580 
4.131 1186 571 831 2696 4 3 6 5 1297 587 
4 . 8 8 6 1079 539 816 2676 4 0 8 7 1178 552 
4.672 1161 6 0 2 949 3130 4 4 9 2 1265 616 
4.861 1194 6 4 4 1055 3482 4681 1298 657 
4.282 1277 718 1221 4008 5031 1385 730 
1.506 1202 705 1243 4 0 3 5 4 7 1 4 1301 715 
4.156 397 243 4 4 5 1418 1539 429 246 
2.717 363 232 440 1374 1385 391 235 
4.902 217 145 285 870 814 2 3 4 146 
3.1^0 235 164 333 994 864 252 165 
4.620 163 119 250 727 587 175 120 
4.232 167 127 276 784 589 178 128 
4.661 157 125 281 774 541 167 125 
3.634 163 136 314 842 548 173 136 
4.069 132 115 275 715 433 140 115 
5.530 120 109 270 680 384 127 109 
4 . 8 9 7 149 142 360 880 4 6 4 157 141 
5.062 164 163 427 1008 497 173 161 
4.504 187 194 523 1194 550 196 192 
3.845 190 206 571 1258 543 199 203 
T O T A L 14757 8132 13926 4 2 0 5 6 5 2 8 1 3 16040 8281 
BIRTH R A T E * 0.000728 DEATH R A T E * 0.000375 F A C T O R * 22 
IMMUNES 30000000 3 0 0 3 1 3 8 8 29917831 2 9 9 3 2 2 0 9 30561472 3 1 4 1 8 9 0 4 31464561 
P O P U L A T I O N 38480000 3 8 8 3 4 8 4 7 39192980 3 9 5 5 4 4 1 5 39919186 4 0 2 8 7 3 1 9 4 0 6 5 8 8 4 7 
1600 E x p e c t e d 
O b s e r v e d 

5000 E x p e c t e d 
O b s e r v e d 
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a peak, the observed cases decline just as rapidly (and at basically the 
same point in time) as the expected cases. 
The largest discrepancy in 1968 predictions occurs at the latter 
part of the year, the last four to six months primarily. This might be 
explained by the fact that vaccination programs (although small in scope) 
were beginning to occur at this time. Through June 30, 1970, 3, 125, 925 
doses of rubella vaccine were administered through the state and local 
health departments (21). 
The problem with incorporating this knowledge into the model 
is twofold. First, there is not accurate data regarding the susceptibil­
ity of the people receiving the vaccine. For example, the procedure 
for administering in the schools is to send a note home to the parents 
requesting permission to vaccinate their children. If the note is signed, 
the child receives the vaccine. Whether or not the child has had a his­
tory of rubella m a y or m a y not be known to the parent, and could even 
have no bearing on the parent's granting permission. In other words, 
the population receiving prophylaxis m a y not all be susceptibles. In 
fact, C D C estimates that 30 per cent of the children receiving immuni­
zation are already immune (21). 
Second, these three million reflect only vaccinations given 
through the health departments. Accurate accounting of vaccine given 
out through private physicians and hospitals is not available. 
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S e n s i t i v i t y t o V a r i a t i o n s i n t h e I n i t i a l N u m b e r o f I m m u n e s 
T h e a c t u a l n u m b e r s o f i m m u n e s a n d s u s c e p t i b l e s i n a p o p u l a ­
t i o n a r e d i f f i c u l t v a l u e s t o d e t e r m i n e . T h e p r o b l e m s i n v o l v e d i n c o u n t ­
i n g i n f e c t a n t s m u l t i p l y w h e n t r y i n g t o c o u n t i m m u n e s a s p e r s o n s r e m e m ­
b e r i n g h a v i n g r u b e l l a . T h e o n l y o t h e r a l t e r n a t i v e i s t o b a s e s u c h e s t i ­
m a t e s o n s e r o l o g i c a l s u r v e y s , a m e t h o d q u i t e c o s t l y e v e n o n a s m a l l 
p o p u l a t i o n . 
I t w o u l d t h e r e f o r e b e i n t e r e s t i n g t o s e e h o w s e n s i t i v e t h e m o d e l 
p r e s e n t e d i s t o v a r i a t i o n s i n t h e i n i t i a l n u m b e r s o f s u s c e p t i b l e s a n d i m ­
m u n e s . T h e s i m u l a t i o n d i s c u s s e d a s s u m e d 3 0 , 0 0 0 , 0 0 0 p e r s o n s ( 7 8 p e r 
c e n t ) t o b e i m m u n e t o r u b e l l a . T a b l e 2 s h o w s t h e r e s u l t s o f s i m u l a t i o n 
o f t h e s a m e e p i d e m i c p r o c e s s w i t h t h e i n i t i a l n u m b e r s o f i m m u n e s e q u a l 
t o 2 2 , 0 0 0 , 0 0 0 ( 5 7 p e r c e n t ) , 2 5 , 0 0 0 , 0 0 0 ( 6 5 p e r c e n t ) 2 8 , 0 0 0 , 0 0 0 ( 7 3 
p e r c e n t ) , a n d 3 2 , 0 0 0 , 0 0 0 ( 8 3 p e r c e n t ) a g a i n u s i n g a m u l t i p l i c a t i v e f a c ­
t o r o f 2 2 t o c o r r e c t f o r u n d e r r e p o r t i n g . 
I t c a n b e s e e n f r o m T a b l e 2 t h a t a s t h e i n i t i a l n u m b e r o f i m ­
m u n e s i n c r e a s e s , t h e n u m b e r o f c a s e s a l s o i n c r e a s e s . A t a q u i c k 
g l a n c e , t h i s s e e m s c o n t r a r y t o E q u a t i o n 5 . 5 , f o r a s t h e n u m b e r o f i m ­
m u n e s i n c r e a s e s , t h e n u m b e r o f s u s c e p t i b l e s d e c r e a s e s a n d t h e n u m b e r 
o f i n f e c t a n t s s h o u l d i n c r e a s e r e s p e c t i v e l y . H o w e v e r , t h e d e c r e a s i n g 
o f s u s c e p t i b l e s h a s a c t u a l l y c r e a t e d l a r g e r P t ' s i n i t i a l l y , a n i n c r e a s e 
s u f f i c i e n t t o c r e a t e m o r e i n f e c t a n t s i n l a t e r t i m e p e r i o d s . I n o t h e r 
w o r d s , t h e i n c r e a s e d p h a s c a u s e d t h e p r o d u c t 
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t o b e l a r g e r w h e n t h e r e a r e f e w e r s u s c e p t i b l e s . 
T A B L E 2 
A C o m p a r i s o n o f P r e d i c t e d I n f e c t a n t s ( R e p o r t e d ) P r o d u c e d 
b y V a r y i n g t h e I n i t i a l N u m b e r o f I m m u n e s 
I n i t i a l N u m b e r Y e a r s 
o f I m m u n e s 1 9 6 7 1 9 6 8 
2 2 , 0 0 0 , 0 0 0 6 , 7 0 7 4 , 2 2 3 
2 5 , 0 0 0 , 0 0 0 6 , 7 7 1 5 , 6 8 2 
2 8 , 0 0 0 , 0 0 0 7 , 3 0 1 8 , 9 2 7 
3 0 , 0 0 0 , 0 0 0 8 , 1 4 0 1 . 3 , 9 3 2 
3 2 , 0 0 0 , 0 0 0 9 , 5 1 2 2 5 , 4 8 6 
A c t u a l D a t a 8 , 3 1 1 1 1 , 2 3 2 
A n o t h e r i n t e r e s t i n g o b s e r v a t i o n i s t h a t a s t h e i n i t i a l n u m b e r 
o f i m m u n e s g e t s l a r g e r , t h e n e x t m a j o r e p i d e m i c o c c u r s s o o n e r . 
T h e s e r e s u l t s a r e d i s p l a y e d i n T a b l e 3 . 
T a b l e 3 s h o w s t h a t w h e n t h e r e a r e 2 2 m i l l i o n i m m u n e s 
( 1 6 , 4 7 9 , 0 0 0 s u s c e p t i b l e s ) i n 1 9 6 6 , t h e e p i d e m i c d o e s n o t p e a k u n t i l 
y e a r s 1 9 7 2 a n d 1 9 7 3 w i t h a n a v e r a g e o f 4 5 , 5 2 6 ( t i m e s 2 2 ) c a s e s p e r 
y e a r . W h e n t h e r e a r e 3 2 m i l l i o n i m m u n e s ( 6 , 4 7 9 , 0 0 0 s u s c e p t i b l e s ) i n 
1 9 6 6 , t h e e p i d e m i c p e a k s a s y e a r l y a s 1 9 6 8 a n d 1 9 6 9 w i t h a n a v e r a g e 
o f 4 3 , 5 1 2 ( t i m e s 2 2 ) c a s e s i n t h o s e y e a r s . 
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T A B L E 3 
P r e d i c t e d Y e a r o f N e x t E p i d e m i c a n d S i z e o f t h e E p i d e m i c 
P r o d u c e d b y V a r y i n g t h e I n i t i a l N u m b e r o f I m m u n e s 
I n i t i a l N u m b e r 
o f I m m u n e s 
Y e a r ( s ) o f 
N e x t E p i d e m i c 
A v e r a g e S i z e 
o f E p i d e m i c 
2 2 , 0 0 0 , 0 0 0 1 9 7 2 , 1 9 7 3 4 5 , 5 2 6 
2 5 , 0 0 0 , 0 0 0 1 9 7 1 , 1 9 7 2 4 6 , 6 0 2 
2 8 , 0 0 0 , 0 0 0 1 9 7 0 , 1 9 7 1 4 6 , 1 0 8 
3 0 , 0 0 0 , 0 0 0 1 9 6 9 , 1 9 7 0 4 7 , 3 8 7 
3 2 , 0 0 0 , 0 0 0 1 9 6 8 , 1 9 6 9 4 3 , 5 1 2 
I t m i g h t b e e x p e c t e d t h a t t h e t r i a l s w i t h m o r e s u s c e p t i b l e s 
s h o u l d p r o d u c e a n e p i d e m i c s o o n e r b e c a u s e i t d o e s n o t n e e d t o w a i t 
f o r a b u i l d - u p o f t h e s u s c e p t i b l e p o p u l a t i o n . H o w e v e r , t h e n u m b e r o f 
i n f e c t a n t s p r o d u c e d u n d e r t h e s e c o n d i t i o n s w a s n o t s u f f i c i e n t t o s p r e a d 
t h e d i s e a s e , a n d i t w a s a c t u a l l y t h e i n f e c t a n t p o p u l a t i o n t h a t n e e d e d 
t i m e t o a c c u m u l a t e . 
B o t h T a b l e s 2 a n d 3 d e m o n s t r a t e o b s e r v a t i o n s p r o d u c e d t h r o u g h 
s i m u l a t i o n t h a t a r e n o t i m m e d i a t e l y e v i d e n t f r o m a n a l y s i s o f t h e m o d e l 
e q u a t i o n s . T h i s p o i n t s u p t h e a d d i t i o n a l i n f o r m a t i o n t h a t c a n b e p r o ­
d u c e d t h r o u g h s i m u l a t i o n t h a t c a n n o t b e i n f e r r e d f r o m a n a l y s i s o f d e ­
s c r i p t i v e e q u a t i o n s a l o n e . A l t h o u g h t h e m o d e l d o e s a p p e a r t o b e s e n s i ­
t i v e t o v a r i a t i o n s i n t h e i n i t i a l n u m b e r o f i m m u n e s ( a n d s u s c e p t i b l e s ) , 
t h i s i s n o t n e c e s s a r i l y a d e t r i m e n t . R a t h e r i t i l l u s t r a t e s t h e i m p o r t a n c e 
o f f a i r l y a c c u r a t e i n f o r m a t i o n a b o u t t h e p o p u l a t i o n u n d e r s t u d y . 
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Sensitivity to Variations in Under Reporting 
In addition to the size of the susceptible and i m m u n e popula­
tions being difficult to determine, the infectant population is not 
clear cut. Indications of the size of the infectant population at any time 
period come from the number of reported rubella cases. A s was dis­
cussed earlier, it is generally agreed that these reported cases are 
actually only a small percentage of the true number of infectants but 
are indicative of "trends and patterns of rubella occurrence" ( 3 ) . 
To compensate for this under reporting, a correction factor 
was introduced. Table 1 showed the results of simulation using a cor­
rection factor of 22. (This assumes that only 1 in every 22 cases is 
actually reported.) Since this was only an hypothesis, other correc­
tion factors have also been considered to test the effect these assump­
tions have on the model. The results of these simulations are shown 
in Table 4. 
It can be seen from Table 4 that although the number of predicted 
reported cases decreases as the correction factor increases, the pre­
dicted cases (the product of predicted reported cases and the correction 
factor) actually are increasing. However, it appears from Table 4 that 
these variations do not m a k e the widespread changes in the predicted 
number of cases as did comparable variations in the number of immunes. 
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T A B L E 4 
A C o m p a r i s o n o f P r e d i c t e d R e p o r t e d C a s e s o f R u b e l l a 
P r o d u c e d b y V a r y i n g t h e U n d e r R e p o r t i n g C o r r e c t i o n F a c t o r 
Y e a r s 
U n d e r R e p o r t i n g C o r r e c t i o n F a c t o r 
A c t u a l 1 5 1 8 2 0 2 2 
1 9 6 7 8 , 8 6 1 8 , 5 4 0 8 , 3 3 6 8 , 1 4 0 8 , 3 1 1 
( 1 3 2 , 9 1 5 ) ( 1 5 3 , 7 2 0 ) ( 1 6 6 , 7 2 0 ) ( 1 7 9 , 0 8 0 ) 
1 9 6 8 1 8 , 8 5 5 1 6 , 4 8 3 1 5 , 1 3 4 1 3 , 9 3 2 1 1 , 2 3 2 
( 2 8 2 , 8 2 5 ) ( 2 9 6 , 6 9 4 ) ( 3 0 2 , 6 8 0 ) ( 3 0 6 , 5 0 4 ) 
E x t e n t a n d T i m i n g o f V a c c i n a t i o n P r o g r a m s 
T h e a d v e n t o f r u b e l l a v a c c i n e i n t h e l a t e 1 9 6 0 ' s h a s p r o v i d e d a 
s o l u t i o n t o t h e r u b e l l a c o n t r o l p r o b l e m . A t f i r s t i t s e e m e d t h a t t h i s 
p r o g r a m w a s t o b e s t i f l e d p u r e l y d u e t o l a c k o f f u n d s . H o w e v e r , b y 
l a t e 1 9 7 0 e n o u g h m o n e y w a s a v a i l a b l e t o c o m p l e t e a m a s s i m m u n i z a ­
t i o n p r o g r a m c o n s i s t i n g o f f i f t y t o s e v e n t y m i l l i o n v a c c i n e s . 
A l t h o u g h t h e U n i t e d S t a t e s w a s a b l e t o p r o d u c e s u c h f u n d s , i t 
i s n o t a l w a y s a s e a s y f o r d e v e l o p i n g n a t i o n s t o d o s o . W i t h l i m i t e d r e ­
s o u r c e s , i t w o u l d b e a d v a n t a g e o u s t o h a v e a m e t h o d f o r t e s t i n g t h e e f ­
f e c t s o f a l t e r n a t i v e c o n t r o l p r o g r a m s . T h e s i m u l a t i o n m o d e l p r e s e n t e d 
i n t h i s t h e s i s p r o v i d e s t h e m e a n s f o r s u c h a t e s t . 
I t w i l l b e a s s u m e d f o r t h e p u r p o s e o f t h i s m o d e l t h a t a l l t h o s e 
r e c e i v i n g t h e v a c c i n e a r e s u s c e p t i b l e s . A l t h o u g h t h i s i s n o t u s u a l l y 
t h e c a s e , i n c o s t a n a l y s i s a n a d j u s t m e n t c a n b e m a d e t o c o v e r t h e n u m -
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b e r o f i m m u n e s e x p e c t e d t o b e v a c c i n a t e d . I t h a s b e e n e s t i m a t e d ( 2 1 ) 
t h a t 3 0 p e r c e n t o f t h o s e r e c e i v i n g v a c c i n e i n t h e E a s t N o r t h C e n t r a l 
s e c t i o n o f t h e U n i t e d S t a t e s t h r o u g h P u b l i c H e a l t h p r o g r a m s w e r e a l ­
r e a d y i m m u n e . 
A s c h a r a c t e r i z e d b y E q u a t i o n s 4 . 5 a n d 4 . 6 , v a c c i n a t e d s u s c e p ­
t i b l e s a r e r e m o v e d f r o m t h e s u s c e p t i b l e p o p u l a t i o n a n d t r a n s f e r r e d t o 
t h e i m m u n e p o p u l a t i o n . S i n c e a l l i n d i c a t i o n s a r e t o w a r d s l o n g - t e r m 
i m m u n i t y , v a c c i n a t e d i n d i v i d u a l s w i l l r e m a i n i m m u n e . 
T h e c o n t r o l p r o g r a m s u n d e r c o n s i d e r a t i o n i n c l u d e n o v a c c i n a ­
t i o n ( r e s u l t s d i s p l a y e d i n F i g u r e 7 ) , 1 0 p e r c e n t , 2 5 p e r c e n t , 5 0 p e r 
c e n t , a n d 7 5 p e r c e n t o f t h e s u s c e p t i b l e p o p u l a t i o n . T a b l e 5 s u m m a r ­
i z e s t h e r e s u l t s o f t h e s e d i f f e r e n t v a c c i n a t i o n p r o g r a m s , a l l t a k i n g 
p l a c e e n t i r e l y w i t h i n y e a r 4 , o r 1 9 6 9 . 
T A B L E 5 
R u b e l l a C a s e s P r o d u c e d U n d e r A l t e r n a t i v e V a c c i n a t i o n P r o g r a m s 
Y e a r 
P e r C e n t S u s c e p t i b l e s V a c c i n a t e d 
0 % 1 0 % 2 5 % 5 0 % 7 5 % 
1 9 6 9 4 2 , 0 1 5 3 2 , 5 3 0 2 4 , 1 7 7 1 6 , 7 8 1 1 2 , 5 9 2 
1 9 7 0 5 2 , 7 6 0 1 0 , 4 9 3 5 1 6 0 0 
1 9 7 1 1 6 , 0 7 9 4 , 4 6 0 0 0 0 
1 9 7 2 8 , 3 2 8 7 , 9 9 7 0 0 0 
1 9 7 3 1 3 , 6 2 8 3 7 , 1 6 7 0 0 0 
T o t a l S i z e 1 3 2 , 8 0 0 9 2 , 6 4 7 2 4 , 6 9 3 1 6 , 7 8 1 1 2 , 5 9 2 
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A s c a n b e s e e n f r o m T a b l e 5 , i t i s o n l y n e c e s s a r y t o v a c c i n a t e 
2 5 p e r c e n t o f t h e s u s c e p t i b l e p o p u l a t i o n i n o r d e r t o s t o p t h e s p r e a d o f 
r u b e l l a i n f e c t i o n i n t h e e n t i r e p o p u l a t i o n . I t i s i m p o r t a n t t o r e m e m b e r , 
h o w e v e r , t h a t i n o r d e r t o b e s u r e o f v a c c i n a t i n g 2 5 p e r c e n t o f t h e s u s ­
c e p t i b l e p o p u l a t i o n , i t i s u s u a l l y n e c e s s a r y t o v a c c i n a t e m a n y m o r e i n ­
d i v i d u a l s b e c a u s e v a c c i n a t i o n p r o g r a m s a r e u s u a l l y c o n d u c t e d w i t h o u t 
b e i n g s u r e o f e a c h i n d i v i d u a l ' s s t a t u s . A l s o , i n f e c t i o n m a y r e o c c u r i f 
i t i s i n t r o d u c e d f r o m o u t s i d e t h e p o p u l a t i o n u n d e r s t u d y . R e c a l l t h a t a 
n e c e s s a r y a s s u m p t i o n o f t h i s m o d e l w a s t h a t t h e p o p u l a t i o n b e c o n s i d ­
e r e d c l o s e d - - n o i m m i g r a t i o n o r e m i g r a t i o n . I f t h e i n f e c t i o n d i e s o u t i n 
a c l o s e d p o p u l a t i o n , i t c a n n o t s t a r t a g a i n . 
I t c a n a l s o b e s e e n i n T a b l e 5 t h a t a t w o f o l d i n c r e a s e i n t h e 
p e r c e n t v a c c i n a t e d ( i n t h e c a s e o f i n c r e a s i n g f r o m 2 5 t o 5 0 p e r c e n t ) 
p r o d u c e s o n l y a o n e - t h i r d d e c r e a s e i n t h e n u m b e r o f c a s e s i n t h e e p i ­
d e m i c . I t i s n e c e s s a r y t o t r i p l e t h e 2 5 p e r c e n t p r o g r a m t o 7 5 p e r c e n t 
i n o r d e r t o h a l v e t h e n u m b e r o f c a s e s , f r o m 2 4 , 6 9 3 t o 1 2 , 5 9 2 . 
T i m i n g a l s o p l a y s a n i m p o r t a n t p a r t i n t h e e f f e c t v a c c i n a t i o n 
p r o g r a m s h a v e o n t h e c o u r s e o f r u b e l l a . C o n s i d e r i n g a t o t a l v a c c i n a ­
t i o n p r o g r a m o f 2 5 p e r c e n t , T a b l e 6 s h o w s t h a t i f t h e 2 5 p e r c e n t p r o ­
g r a m i s d e l a y e d j u s t o n e y e a r , t h e n u m b e r o f t o t a l c a s e s i n c r e a s e s 
f r o m 2 4 , 6 9 3 t o 7 7 , 5 2 5 a n d i n c r e a s e s t o 1 0 5 , 3 9 3 i f t h e s a m e p r o g r a m 
i s d e l a y e d t w o y e a r s . 
T A B L E 6 
T i m i n g S t u d y w i t h 2 5 P e r C e n t S u s c e p t i b l e s V a c c i n a t e d 
Y e a r V a c c i n a t i o n T a k e s P l a c e 
Y e a r 1 9 6 9 1 9 7 0 1 9 7 1 
1 9 6 9 2 4 , 1 7 7 4 2 , 0 1 5 4 2 , 0 1 5 
1 9 7 0 5 1 6 3 5 , 3 8 0 5 2 , 7 6 0 
1 9 7 1 0 1 3 0 1 0 , 5 9 8 
1 9 7 2 0 0 3 0 
1 9 7 3 0 0 0 
T o t a l S i z e 2 4 , 6 9 3 7 7 , 5 2 5 1 0 5 , 3 9 3 
5 0 
C H A P T E R V I 
A N A G E - S T R A T I F I E D M O D E L 
O t h e r S t r a t i f i e d M o d e l s 
T h e m o d e l c o n s i d e r e d u p t o t h i s p o i n t a s s u m e d h o m o g e n e o u s 
m i x i n g a m o n g t h e p o p u l a t i o n . H o w e v e r , t h i s i s n o t u s u a l l y a n a c c u r a t e 
d e s c r i p t i o n o f a n y p o p u l a t i o n , e s p e c i a l l y a l a r g e o n e . 
A b b e y ( 1 0 ) r e c o g n i z e d t h a t 
i f t h e p o p u l a t i o n i n w h i c h a n e p i d e m i c o c c u r s i s a c t u a l l y a 
g r o u p o f s m a l l e r p o p u l a t i o n s w i t h s o m e c r o s s - c o n t a c t a m o n g 
t h e m , t h i s w i l l i n t r o d u c e a s o u r c e o f v a r i a t i o n n o t c o n s i d e r e d 
i n t h e m o d e l . 
N o t h a v i n g t h e n e c e s s a r y d a t a a v a i l a b l e t o t e s t a g a i n s t a r e a l p o p u l a t i o n , 
s h e d i v i d e d h e r p o p u l a t i o n i n t o t w o d i s j o i n t s u b - p o p u l a t i o n s A a n d B , 
w i t h s o m e m i x i n g b e t w e e n t h e m a n d c a l c u l a t e d a t h e o r e t i c a l e p i d e m i c 
b a s e d o n t h e c o m b i n e d e p i d e m i c s o f A a n d B . U s i n g a v a r i a t i o n o f t h e 
R e e d - F r o s t m o d e l , A b b e y e x p e r i m e n t e d w i t h s e l e c t e d w i t h i n - a n d 
b e t w e e n - p o p u l a t i o n c o n t a c t r a t e s . 
T h e r e s u l t s s h o w e d l i t t l e v a r i a t i o n b e t w e e n t h e c o m b i n e d e p i ­
d e m i c s a n d t h e e p i d e m i c b a s e d o n a s i n g l e c o n t a c t r a t e ( t h e l a r g e s t d e v i ­
a t i o n p r o d u c e d a c h i - s q u a r e s t a t i s t i c a t a s i g n i f i c a n c e l e v e l o f . 3 8 ) . 
A b b e y f e l t t h a t i n o r d e r t o o b t a i n m o r e c o n c l u s i v e r e s u l t s , 
a m o r e r e a l i s t i c m o d e l o f t h e c o n d i t i o n s l i k e l y t o b e f o u n d i n 
a n a c t u a l c o m m u n i t y i s n e e d e d , f o r e x a m p l e , o n g i v i n g e a c h 
i n d i v i d u a l s e v e r a l c o n t a c t r a t e s . 
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Following this suggestion, Lila Elveback, et al. (19), divided 
a population into multiple mixing groups, each person belonging to 
three or four of these randomly mixing groups. These groups included 
the following: family, playgroup, cluster, grade school, and c o m m u n ­
ity. Each group has its own "level of intimacy of contact," each repre­
sented in the contact rate. 
C i 
If the probability of infection is 1 - where q^ = the 
contact rate with group 1 and = the number of infectants in group 1 , 
then the probability that a susceptible individual will escape infection 
during an interval is P g , the product of terms such as 1 - q^ ^ for 
each mixing group to which he belongs. 
Looking only at a community of 1 0 0 people, Elveback's model 
considers each susceptible, one at a time by computing P for each. 
By selecting a random number r^, the susceptibility of the individual is 
determined. If r> P^, for susceptible i, the individual becomes in­
fected; otherwise, the susceptibility remains unchanged and the next 
susceptible is considered. 
Both Abbey ( 1 0 ) and Elveback, et al. ( 1 9 ) , have dealt with non-
homogeneous mixing groups using variations of the Reed-Frost model. 
The purpose of this chapter will be to present a variation of the standard 
deterministic equation 
ctn = Ptctst ' p t (6.1) 
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in order to deal with disjoint groups in a community, specifically an 
age - stratified population. 
The Model 
Let the initial model population consist of the total number of 
persons in the population under study. However, it is now divided into 
seven age groups—less than 1 year, 1 to 4 years, 5 to 9 years, 10 to 
14 years, 15 to 19 years, 20 to 39 years, and 40 and over. These divi­
sions are justified by the fact that the immunity rates differ greatly be­
tween each of these groups (4). 
Each of these age groups is again subdivided into three epi­
demiological classes, according to past history with rubella (based on 
age-stratified random serosurveys). The categories consist of infec­
tants, susceptibles, and immunes. It will be assumed that age group 1 
(less than 1 year old) is incapable of either transmitting or contract­
ing rubella and therefore only groups 2 through 7 will be considered. 
One approach to allocating infectants to each age group is to 
distribute them according to the usual age distribution of the disease. 
After computing C' the number of infectants at time t , let the num­
ber of infectants in age group j be represented by C (j,t) so that 




P j = a n e s t i m a t e d p r o p o r t i o n o f t h e i n f e c t a n t s 
f o u n d i n a g e g r o u p j . 
I n t h i s c a s e p j i s a v a r i a b l e d e p e n d e n t u p o n p r i o r k n o w l e d g e a b o u t t h e 
d i s t r i b u t i o n o f r u b e l l a i n f e c t i o n . N o t e t h a t 
S p . = 1 . 
j 3 
A d i s q u a l i f y i n g c h a r a c t e r i s t i c o f t h i s a p p r o a c h i s t h a t i t i s p o s s i b l e t o 
h a v e n e w i n f e c t a n t s i n a n y g r o u p a t t i m e t + 1 w i t h n o s u s c e p t i b l e s i n 
t h a t g r o u p a t t i m e t . 
A n o t h e r m e t h o d o f d i v i d i n g t h e i n f e c t a n t p o p u l a t i o n i n t o a g e 
g r o u p s i s t o a l l o c a t e t h e i n f e c t a n t s a c c o r d i n g t o t h e p r o p o r t i o n o f t h e 
s u s c e p t i b l e p o p u l a t i o n i n e a c h g r o u p . I n o t h e r w o r d s , a g a i n c o m p u t e 
C j . a n d l e t C ( j , t ) b e r e p r e s e n t e d b y t h e f o l l o w i n g e q u a t i o n ; 
C ( j . t ) = S S ( J ' M ) C ( j = 2 , . . . 7 ) ( 6 . 3 ) 
' t - 1 
w h e r e 
S ( j , t - 1 ) = t h e n u m b e r o f s u s c e p t i b l e s i n a g e g r o u p j 
a t t i m e t - 1 , 
= t h e t o t a l n u m b e r o f s u s c e p t i b l e s a t t i m e t . 
H o w e v e r , t h e d i s t r i b u t i o n o f n e w i n f e c t a n t s f r o m t h e s u s c e p t i b l e p o p u l a ­
t i o n i s d e p e n d e n t u p o n f a c t o r s o t h e r t h a n t h e d i s t r i b u t i o n o f s u s c e p t i b l e s . 
A s i n t h e s t a n d a r d e p i d e m i c E q u a t i o n 6 . 1 
C t = ? S t . l C t - l / P t - ! 
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t h e c o n t a c t r a t e b e t w e e n s u s c e p t i b l e s a n d i n f e c t a n t s , p , p l a y s a n i m ­
p o r t a n t p a r t i n t h e e p i d e m i c p r o c e s s . S i m i l a r l y , w h e n c o n s i d e r i n g a g e 
g r o u p s , t h a t r a t e a t w h i c h t h e s e g r o u p s i n t e r a c t h a v e a s i g n i f i c a n t 
e f f e c t o n t h e s p r e a d o f r u b e l l a . 
N e i t h e r o f t h e s e t w o m e t h o d s a l l o w s f o r c h a n g e s i n e n v i r o n ­
m e n t a l c o n d i t i o n s t h a t m a y a l t e r t h e a c t u a l c o n t a c t w i t h i n a c o m m u n i t y . 
F o r i n s t a n c e , t h e c l o s i n g o f s c h o o l s d e c r e a s e s t h e m i x i n g o f t h e l a r g e s t 
s u s c e p t i b l e a n d i n f e c t a n t g r o u p a n d t h e r e f o r e m a y a f f e c t t h e e p i d e m i c 
p r o c e s s . T h i s o c c u r r e n c e c a n n o t b e i n c o r p o r a t e d i n t o e i t h e r E q u a t i o n 
6 .2 o r 6 . 3 . 
C o n s i d e r t h e e q u a t i o n 
C O . t , = p t S ( j . t - l H Z a ^ f g ^ i i ) ( 6.4) 
w h e r e 
P ( i , t - 1 ) i s t h e n u m b e r o f p e r s o n s i n g r o u p i 
a t t i m e t - 1 , a n d 
a . . i s t h e p r o p o r t i o n o f t o t a l c o n t a c t t h a t 
l f ^ g r o u p j h a s w i t h g r o u p i . 
S i n c e t h e p o p u l a t i o n i s n o t m i x i n g h o m o g e n e o u s l y , t h e p r o p o r t i o n o f i n ­
f e c t a n t s w i t h w h i c h a n i n d i v i d u a l c o m e s i n c o n t a c t i s a d j u s t e d b y t h e 
p r o p o r t i o n o f t i m e t h e s u s c e p t i b l e s p e n d s w i t h e a c h g r o u p . 
N o t e t h a t 
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1 » J 
= 1 for j = 2 > • • • 7 ( 6 . 6 ) 
since a represents the proportion of group j's time that is spent with 
group i. Also, the a. .'s will be assumed constant over time unless 
otherwise specified. 
Solving this age-dependent model is more complicated than 
the model described in Chapter V. The number of unknown variables 
has increased. There are now 3 6 's (i = 2, ... 7 and j = 2, ... 7) 
needed before a solution can be found. 
cal values were chosen to test the simulation model of an age-stratified 
population. A listing of this program is shown in Appendix II. In this 
revised model, the population is divided into one-year age intervals 
for the purpose of aging as time is incremented. This distribution of 
the initial population is based on census data (22). The initial suscepti­
ble, immune and infectant populations are also divided into age intervals 
distributed according to previously discussed studies. In particular, 
the infectants were distributed into age groups according to an epidemio­
logical study conducted by C D C (4) in which it was found that the Pj's 
(where p^ = C t /C(j,t) ) described in Equation 6 . 5 to be the following: 
Before trying to find exact solutions to the a. .'s, hypotheti-
J 
5 6 
A g e G r o u p j j C u m u l a t i v e p . J 
1 0 . 0 0 0 0 . 0 0 0 
2 . 1 3 5 . 1 3 5 
3 . 4 3 1 . 5 6 6 
4 . 2 3 5 . 8 0 1 
5 . 1 2 1 . 9 2 2 
6 . 0 6 7 . 9 8 9 
7 . 0 1 1 1 . 0 0 0 
F o r t h e p u r p o s e o f o u t p u t a n d a n a l y s i s , t h e o n e - y e a r a g e i n t e r ­
v a l s a r e a c c u m u l a t e d i n t o t h e s e v e n a g e - g r o u p s . T h e a . . ' s f o r t h e s e 
g r o u p s w e r e c h o s e n i n a n a t t e m p t t o a p p r o a c h a s t e a d y s t a t e s i t u a t i o n 
i n w h i c h t h e d i s t r i b u t i o n o f i n f e c t a n t s r e m a i n e d c o n s t a n t . T h e a . . ' s 
1* J 
a r e s h o w n i n T a b l e 7 . 
T A B L E 7 
A T e s t S e t o f a . . ' s 
l » J 
i \v 
2 3 4 5 6 7 
2 8 / 7 2 4 / 7 2 4 / 7 2 4 / 7 2 1 6 / 7 2 3 6 / 7 2 
3 8 / 7 2 2 8 / 7 2 1 6 / 7 2 8 / 7 2 8 / 7 2 4 / 7 2 
4 6 / 7 2 1 4 / 7 2 1 9 / 7 2 1 7 / 7 2 1 0 / 7 2 6 / 7 2 
5 4 / 7 2 4 / 7 2 1 4 / 7 2 2 2 / 7 2 2 2 / 7 2 6 / 7 2 
6 6 / 7 2 8 / 7 2 1 2 / 7 2 1 4 / 7 2 1 8 / 7 2 1 4 / 7 2 
7 2 / 7 2 2 / 7 2 2 / 7 2 2 / 7 2 2 / 7 2 6 0 / 7 2 
T h e a . . ' s l i s t e d i n T a b l e 7 a n d E q u a t i o n 6 . 4 w e r e i n c o r p o r a t e d i n t o 
5 7 
t h e m o d e l a s t h e m e t h o d o f d e t e r m i n i n g t h e n u m b e r o f i n f e c t a n t s f r o m 
e a c h g r o u p j f o r e a c h t i m e p e r i o d t . T a b l e 8 s h o w s t h e r e s u l t s o f 
s i m u l a t i o n i n t e r m s o f t h e d i s t r i b u t i o n o f i n f e c t a n t s o v e r t i m e . 
T A B L E 8 
D i s t r i b u t i o n o f I n f e c t a n t s 
A g e 
G r o u p 
T i m e P e r i o d t 
1 1 3 2 5 
1 . 0 . 0 . 0 
2 . 1 3 5 . 3 1 2 . 3 1 4 
3 . 4 3 1 . 2 4 9 . 2 4 6 
4 . 2 3 5 . 1 8 1 . 1 8 1 
5 . 1 2 1 . 1 1 2 . 1 1 2 
6 . 0 6 7 . 0 7 0 . 0 7 1 
7 . O i l . 0 7 6 . 0 7 6 
I t c a n b e s e e n f r o m t h i s t a b l e t h a t t h e i n i t i a l s t e a d y s t a t e s i t u a t i o n w a s 
n o t m a i n t a i n e d . T h e e q u i l i b r i u m s h i f t e d a l m o s t i m m e d i a t e l y , h o w ­
e v e r , a n d t h e n w a s m a i n t a i n e d . N o t e t h a t d e v i a t i o n s m a y a c t u a l l y o c ­
c u r i n a r e a l s i t u a t i o n , b u t f o r t h e p u r p o s e o f t h i s m o d e l a . . ' s t h a t 
m a i n t a i n t h e s t a t u s q u o a r e d e s i r e d . 
W i t h t h i s p u r p o s e i n m i n d a n a t t e m p t w a s m a d e t o s o l v e f o r 
t h e s e 3 6 a . . ' s ( i = 2 , . # . 7 a n d j = 2 , . . . 7 ) . T o s e t u p t h e i n i t i a l p r o b -
l e m , E q u a t i o n 6 . 4 w a s e x p a n d e d f o r a l l j s o t h a t t h e r e a r e s i x e q u a t i o n s 
w i t h 3 6 u n k n o w n s . E a c h e q u a t i o n c o n t a i n s s i x m u t u a l l y e x c l u s i v e a . . ' s 
5 8 
c r e a t i n g s i x s e p a r a t e p r o b l e m s . T h e o n l y o t h e r a v a i l a b l e k n o w l e d g e 
a b o u t t h e s e c o n t a c t r a t e s i s t h a t l i s t e d i n E q u a t i o n 6 . 5 , 2 a . . = 1 . 
E x p a n d i n g E q u a t i o n 6 . 4 
C ( j , t ) = a _ n + a _ . D _ + a . . D . + a _ . D _ + a , . D , 2 , j 2 3 , j 3 4 , j 4 5 , j 5 6 , j 6 
+ a _ . D _ , ( 6 . 7 ) 
1 > J 7 
w h e r e 
D . - P F C S ( j , t - 1 ) C ( i , t - 1 ) / D ( i , t - 1 ) . 
I n o r d e r t o p r o d u c e m o r e e q u a t i o n s c o n t a i n i n g t h e s e v a r i a b l e s , E q u a ­
t i o n 6 . 4 w a s i n c r e m e n t e d t h r o u g h t i m e . F o r 2 6 t i m e p e r i o d s t h e t o t a l 
n u m b e r o f i n f e c t a n t s w a s c a l c u l a t e d a n d a s s i g n e d t o a g e g r o u p s b y s u b ­
s t i t u t i n g i n t o E q u a t i o n 6 . 1 . F o r e a c h t i m e p e r i o d t a v a l u e w a s c a l c u ­
l a t e d f o r C ( i , t ) f o r e a c h i . U s i n g s i m p l e a l g e b r a i c t e c h n i q u e s , S ( i , t ) 
a n d P ( i , t ) w e r e c o m p u t e d u s i n g E q u a t i o n s 4 . 1 t h r o u g h 4 . 4 . 
T h e r e a r e n o w 2 7 s i m u l t a n e o u s e q u a t i o n s f o r e a c h j ( 2 6 i n t h e 
f o r m o f E q u a t i o n 6 . 4 a n d o n e i n t h e f o r m o f E q u a t i o n 6 . 5 ) i n w h i c h t h e 
a ' s a r e t h e v a r i a b l e s . T o s o l v e t h e s e s i m u l t a n e o u s e q u a t i o n s , a 
m u l t i p l e r e g r e s s i o n t e c h n i q u e w a s u s e d w h e r e C ( j , t ) i s t h e d e p e n d e n t 
v a r i a b l e a n d t h e D . ' s ( i = 2 , . . . 7 ) a r e t h e i n d e p e n d e n t v a r i a b l e s . H o w -
I 
e v e r , w h e n a m u l t i p l e r e g r e s s i o n w a s a p p l i e d , i t w a s r e a l i z e d t h a t t h e 
D ' s a c t u a l l y a r e n o t i n d e p e n d e n t . T h i s i s a r e s u l t o f t h e m e t h o d b y i 
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w h i c h t h e y w e r e g e n e r a t e d . F o r a n y t i m e t t h e y w e r e g e n e r a t e d u s i n g 
t h e s a m e d e t e r m i n i s t i c e q u a t i o n s . F u r t h e r m o r e , k n o w l e d g e i s e n o u g h 
i n f o r m a t i o n t o s o l v e f o r t h e r e m a i n i n g f i v e D ^ ' s . 
T h e o n l y w a y t o c o m p e n s a t e f o r t h i s i s t o h a v e a c t u a l d a t a c o n ­
c e r n i n g t h e o c c u r r e n c e o f r e a l r u b e l l a c a s e s f o r s e v e r a l t i m e p e r i o d s t . 
I f a c t u a l d a t a w e r e a v a i l a b l e , t h e p r o g r a m l i s t e d i n A p p e n d i x I I g i v e s a 
m o r e r e a l i s t i c d e s c r i p t i o n o f b o t h a d y n a m i c p o p u l a t i o n a n d t h e r u b e l l a 
p r o c e s s o c c u r r i n g w i t h i n t h a t p o p u l a t i o n t h a n d o e s t h e m o d e l d e s c r i b e d 
i n C h a p t e r s I V a n d V . 
O t h e r s t u d i e s h a v e h a n d l e d t h i s p r o b l e m b y c h o o s i n g a n h y p o ­
t h e t i c a l p o p u l a t i o n w h i c h c o u l d n o t b e e x p e c t e d t o m i m i c a p r e - s p e c i f i e d 
r e a l w o r l d s i t u a t i o n . 
6 0 
C H A P T E R V I I 
C O N C L U S I O N S A N D R E C O M M E N D A T I O N S 
C o n c l u s i o n s 
I n 1 8 4 0 , F a r r w r o t e 
E p i d e m i c s h a v e f u r n i s h e d m u c h m a t t e r f o r d i s c u s s i o n a n d s t i l l 
o f f e r l a r g e s c o p e f o r i n q u i r y ( 7 ) . 
S i n c e t h a t t i m e a m a t h e m a t i c a l a p p r o a c h t o t h e t h e o r y o f e p i d e m i c s h a s 
d e v e l o p e d . U s i n g a n y o f t h e e m p i r i c a l , d e t e r m i n i s t i c , o r s t o c h a s t i c 
t e c h n i q u e s , s u c h p h e n o m e n a c a n b e v i e w e d a s h a v i n g a m a t h e m a t i c a l 
b a s i s . I n a t t e m p t i n g t o d e s c r i b e t h e r e l a t i o n s h i p , t h e r e i s a b e t t e r 
u n d e r s t a n d i n g o f t h e r e l a t i o n s h i p o f t h e f a c t o r s a f f e c t i n g t h e e p i d e m i c 
p r o c e s s . 
T h e r e g u l a r i t y o f r u b e l l a l e n d s i t s e l f w e l l t o s u c h m a t h e m a t i ­
c a l d e s c r i p t i o n . T h e p e r i o d o f i n f e c t i o n i s b o t h c o n s t a n t a m o n g a l l i n ­
d i v i d u a l s a n d p r e d i c t a b l e , a f t e r w h i c h t h e i n f e c t e d i n d i v i d u a l r e c o v e r s 
a n d b e c o m e s i m m u n e . T h e i n c i d e n c e o f r u b e l l a v a r i e s w i d e l y f r o m 
y e a r t o y e a r w i t h u n u s u a l l y h i g h i n c i d e n c e e v e r y s i x t o n i n e y e a r s . 
T w o d e t e r m i n i s t i c , d i s c r e t e - t i m e - i n t e r v a l s i m u l a t i o n m o d e l s 
f o r r u b e l l a h a v e b e e n p r e s e n t e d . B o t h m o d e l s a r e b a s e d o n B a i l e y ' s 
s i m p l e d e t e r m i n i s t i c m o d e l w h i c h h a s b e e n e x p a n d e d b y a d d i n g b i r t h s , 
d e a t h s , r e c o v e r y f r o m d i s e a s e , a n d t h e p o s s i b i l i t y o f v a c c i n a t i o n . T h e 
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p o p u l a t i o n u n d e r s t u d y i s t h e E a s t N o r t h C e n t r a l s e c t i o n o f t h e U n i t e d 
S t a t e s b e g i n n i n g i n 1 9 6 6 . 
T h e f i r s t m o d e l c o n s i d e r s t h i s p o p u l a t i o n t o b e u n s t r u c t u r e d 
( t h e r e i s n o d i f f e r e n c e b e t w e e n i n d i v i d u a l s o t h e r t h a n s t a t e o f d i s e a s e ) 
a n d m i x i n g w i t h i n t h i s t o t a l p o p u l a t i o n i s h o m o g e n e o u s . B a s i n g t h e 
i n i t i a l p o p u l a t i o n d i s t r i b u t i o n o n t h e r e s u l t s o f s e r o s u r v e y s a n d b a s i n g 
t h e c o n t a c t r a t e s o n o n e y e a r ' s r e p o r t e d r u b e l l a c a s e s , t h e s i m u l a t e d 
r e s u l t s c o m e r e a s o n a b l y c l o s e t o p r e d i c t i n g t h e a c t u a l r e p o r t e d c a s e s . 
T h e l a r g e s t d i s c r e p a n c y o c c u r s i n t h e l a t t e r p a r t o f 1 9 6 8 p r e d i c t i o n s , 
t h e t i m e a t w h i c h v a c c i n a t i o n p r o g r a m s w e r e b e g i n n i n g t o o c c u r . 
T h e p r o b l e m s i n v o l v e d i n e s t i m a t i n g t h e p r o p o r t i o n o f t h e p o p ­
u l a t i o n t h a t i s i m m u n e a n d t h e p r o p o r t i o n o f t h e p o p u l a t i o n t h a t i s s u s ­
c e p t i b l e a r e m a n y . F o r t h i s r e a s o n t h e e f f e c t o f v a r i a t i o n s i n t h e s e 
p r o p o r t i o n s w a s t e s t e d . I t w a s f o u n d t h a t b y i n c r e a s i n g t h e i n i t i a l p r o ­
p o r t i o n o f i m m u n e s , a l a r g e r n u m b e r o f i n f e c t a n t s w e r e p r o d u c e d a n d 
t h e n e x t m a j o r e p i d e m i c o c c u r r e d a t a s o o n e r p o i n t i n t i m e . T h e o p p o ­
s i t e w a s t r u e w h e n t h e i n i t i a l p r o p o r t i o n o f i m m u n e s w a s d e c r e a s e d . 
A n o t h e r d i f f i c u l t p a r a m e t e r t o d e t e r m i n e i s t h e d e g r e e o f 
u n d e r r e p o r t i n g o f r u b e l l a c a s e s . T h e r e f o r e , a c o m p a r i s o n w a s m a d e 
b y v a r y i n g t h e u n d e r r e p o r t i n g c o r r e c t i o n f a c t o r . I t w a s f o u n d t h a t a s 
t h e c o r r e c t i o n f a c t o r i n c r e a s e s , t h e p r e d i c t e d n u m b e r o f c a s e s a l s o 
i n c r e a s e s . 
T h e a d v e n t o f r u b e l l a v a c c i n e h a s c o n t r i b u t e d a n o t h e r f a c t o r t o 
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the epidemic process. Several alternative vaccination programs were 
compared. It was found that only 25 per cent of the susceptible popu­
lation need be vaccinated in order to completely wipe out rubella infec­
tion from the population. Vaccinating any larger fraction produced 
diminishing returns. In addition to the extent of the vaccination pro­
gram, timing also had an effect on the course of the epidemic 0 
The second model differs from the first in that the population 
is considered to be structured according to age groups, and mixing 
within this population is not homogeneous. The population was divided 
into seven age groups. Each group had a distinctly different proportion 
of immunes, different death rates and mixing between and within groups 
takes place with different contact rates. A n original model describing 
this inter- and intra-group mixing was presented in Equation 6.4. 
Although the model was not solved so as to mimic actual occurrences, 
a test set of parameters was used to produce hypothetical results. It 
was found that a steady state situation, although not the initial distribu­
tion, was reached and maintained. This second model provides a more 
realistic description of a population than the first. However, in making 
the model m o r e realistic, more information is needed concerning the 
population under study. 
R e c ommendation s 
It is important to realize the limitations of mathematical 
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m o d e l s . A l t h o u g h t h e y a r e g o o d e x e r c i s e s i n u n d e r s t a n d i n g t h e e p i d e m i c 
p r o c e s s , i t i s s o m e t i m e s d i f f i c u l t t o f i t t h e m t o a r e a l p o p u l a t i o n ; t h e 
n e c e s s a r y d a t a i s o f t e n n o t a v a i l a b l e . S i n c e m o s t o f t h e s t u d i e s i n t h i s 
a r e a a r e f o r h y p o t h e t i c a l p o p u l a t i o n s , m o r e m o d e l s s h o u l d b e b a s e d o n 
r e a l d a t a f r o m r e a l p o p u l a t i o n s . I t i s t h e r e c o m m e n d a t i o n o f t h i s a u t h o r 
t h a t , i n o r d e r t o c o n t i n u e r e s e a r c h a l o n g t h e l i n e s o f t h i s t h e s i s , a 
s m a l l e r p o p u l a t i o n s h o u l d b e c h o s e n i n w h i c h , i f t h e n e c e s s a r y d a t a w e r e 
n o t a v a i l a b l e , i t c o u l d f e a s i b l y b e c o l l e c t e d . T h e d a t a s h o u l d c o n s i s t 
n o t o n l y o f e p i d e m i o l o g i c a l i n f o r m a t i o n , b u t a l s o a g e - s t r u c t u r e a n d p o p ­
u l a t i o n d y n a m i c s . I t i s s u c h s t u d i e s t h a t i n d i c a t e t h e i n a d e q u a c i e s o f 
t h e e p i d e m i o l o g i c a l a n d d e m o g r a p h i c i n f o r m a t i o n p r e s e n t l y a v a i l a b l e . 
A P P E N D I C E S 
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A P P E N D I X I 
R U B E L L A S I M U L A T I O N M O D E L 
INTEGER POP,SUSC,SUM I N F . B I R T H S , D E A T H S 
D I M E N S I O N P E R Y R ( I O ) ,NVAC(10) •NVACPD(IO) 
D I M E N S I O N I F A C T ( 5 ) , I N R E A L ( 1 0 0 0 ) , R T ( 2 5 0 ) . F A C T O R ( 5 3 ) 
D I M E N S I O N P O P ( 1 0 0 0 ) , S U S C ( 1 0 0 0 ) , I N F ( 1 0 0 0 ) . I M M U N E ( 1 0 0 0 ) * 
1 P D F I N F ( I O O O ) , I D I F F ( 1 0 ) . S U M I N F ( I O O O ) 
D I M E N S I O N N F 1 ( 2 5 0 ) , I N R L 1 ( 2 5 0 ) . R L s I C K ( 2 5 0 ) . O B S S l C ( 2 5 0 ) 
D I M E N S I O N R A T E ( 2 1 0 ) , N F ( 2 1 0 ) , I T O T A L ( 2 0 ) 
R E A D ( 5 , 1 0 ) (IFACT(JJ),JJ=1,5) 
10 F 0 R M A T ( 5 I 5 ) 






R E A D ( 5 . 1 9 ) (NF(JJ),JJ=1,53) 
R E A D ( 5 , 1 9 ) (NF(JJ),JJ=53,105) 
R E A D ( 5 , 1 9 ) ( N F ( J J ) , J J = 1 0 5 , 1 5 7 ) 
R E A D ( 5 , 1 9 ) (NF(JJ),JJ=157,209) 
19 F 0 R M A T U 6 I 5 ) 
CALL G R O U P ( N F , N F 1 , 2 0 8 , 2 , I W ) 
DO 1001 IT=1,ITIMES 
C 
C THIS ROUTINE READS IN DATA 
C 
R E A D ( 5 . 1 ) P O P d ) , I M M U N E ( 1 ) . B I R T H , D E A T H , B E T A 1 
1 F O R M A T ( 2 I 1 0 , 2 0 X , 3 F 1 0 . 0 ) 
B I R T H = B I R T H / 1 0 0 0 . 
W=IW 
B I R T H * E X P ( A L O G ( l . • B I R T H ) / W )-l. 
D E A T H = D E A T H / 1 0 0 0 . 
D E A T H * 1 . - E X P ( A L O G <1.-DEATH)/W) 
DO 1002 JJJ=1,1 
IX521«IX52*1 
DO 100 JJ=1,1X521 
I N F ( J J ) = I F A C T ( J J J ) » N F 1 ( J J ) 
100 C O N T I N U E 
S U S C ( 1 ) - P O P ( 1 ) - I N F ( 1 ) - I M M U N E ( 1 ) 
150 BETAsBETAl 
DO 974 IVACIN=1,4 
R E A D ( 5 , 9 ) P C T V A C , ( P E R Y R ( I V Y R ) , I V Y R = 4 , 1 0 ) 
9 F 0 R M A T ( 8 F 3 . 2 ) 
DO 12 IVYR=1,3 
N V A C P D ( I V Y R ) = 0 
12 N V A C ( I V Y R ) = 0 
66 
IYEAR=1 
S U M I N F ( 1 ) = I N F ( 1 ) 
N Y R S = 7 
IWW=NYRS*IW 
DO 1000 J = U I W W 
N = P 0 P ( J ) 
XN=N 
B I R T H S = B I R T H * X N 
D E A T H S = D E A T H * X N 
I F ( I Y E A R . G E . I X I ) GO TO 450 
I F ( I N F ( J ) . E O . O ) GO TO 1000 
I F ( S U S C ( J ) . E Q . O ) GO TO 1000 
IF(J.Ei.l) GO TO 420 
I N F ( J ) = F L O A T ( I N F ( J ) ) * ( 1 • - D E A T H ) 
S U S C ( J ) = F L O A T ( S U S C ( J ) ) * ( 1 . - D E A T H ) 
I M M U N E ( J ) = F L 0 A T ( I M M U N E ( J ) ) * (1•-DEATH) 
P O P ( J ) = P O P ( J ) - D E A T H S 
420 R A T E ( J ) = F L 0 A T ( I N F ( J * l ) ) / F L O A T ( I N F ( J ) ) * F L O A T ( P O P ( J ) ) / 
1FL0AT(SUSC(J)) 
GO TO 500 
C 
C THIS R O U T I N E FINDS THE STATUS OF TIME P E R I O D J • 1 
C 
450 I W K = M 0 D ( J » 1 X 5 2 ) 
IF(IWK.EQ.O) IWK=IX52 
I F U Y E A R . N E . 4 . 0 R . I W K . N E . 1 ) GO TO 460 
T O T V A C = P C T V A C * F L 0 A T ( S U S C ( J ) ) 
DO 455 IVYR=4,NYRS 
N V A C ( I V Y R ) = P E R Y R ( I V Y R ) * F L 0 A T ( S U S C ( J ) ) 
N V A C P D ( I V Y R ) = P E R Y R ( I V Y R ) * F L O A T ( S U S C ( J ) ) / W 
455 C O N T I N U E 
460 C O N T I N U E 
S U S C ( J ) = F L 0 A T ( S U S C ( J ) ) * ( 1 . - D E A T H ) 
I N F ( J ) = F L O A T ( I N F ( J ) ) » ( ! . - D E A T H ) 
I M M U N E ( J ) = F L 0 A T ( I M M U N E ( J ) ) * ( 1 . - D E A T H ) 
P O P ( J ) = P O P ( J ) - D E A T H S 
I F ( S U S C ( J ) . L T . N V A C P D ( I Y E A R ) ) N V A C P D ( I Y E A R ) = 0 
S U S C ( J ) = S U S C ( J ) - N V A C P D ( I Y E A R ) 
I N F ( J * 1 ) = R A T E ( I W K ) * F L 0 A T ( I N F ( J ) ) / F L O A T ( P O P ( J ) ) • 
1 F L 0 A T ( S U S C ( J ) ) + . 5 
I F ( I N F U M ) .GE.POP(J) ) GO TO 1001 
500 S U S C ( J ^ l ) = S U S C ( J ) - I N F ( J * l ) • B I R T H S 
I M M U N E ( J M ) = I M M U N E ( J ) • I N F ( J ) • N V A C P D ( I Y E A R ) 
S U M I N F ( J + l ) = S U M I N F ( J ) • I N F * J + l ) 
P 0 P ( J ^ 1 ) = P 0 P ( J ) • B I R T H S 
C 
C THIS ROUTINE WRITES OUT THE STATUS OF TIME P E R I O D J • 1 
C 
501 J M 0 D 5 2 = M 0 D ( J * I W ) 
IF(JMOD52.EQ.0) JM0D52=IW 
I N R E A L ( J ) = I N F ( J ) / I F A C T ( J J J ) 
I F ( M O D ( J , I W ) . N E . O ) GO TO 1000 
I F ( J . E t . I W ) I D I F F ( 1 ) = S U M I N F ( I W ) 
ITEMP=J-IW 
I F ( J . N E . I W ) I D I F F ( I Y E A R ) = S U M I N F ( J ) - S U M I N F ( I T E M P ) 
IYEAR=J/IW*1 
1000 C O N T I N U E 
W R I T E < 6 , 2 4 ) 
24 FORMAT(1 HI) 
W R I T E ( 6 , 2 0 ) (L,L=1,NYRS) 
20 F 0 R M A T ( / / / / , 7 X , 5 H R A T E , 7 ( 3 X , 4 H Y E A R , 1 3 ) • / ) 
DO 800 LL=1,IW 
W R I T E ( 6 , 2 1 ) R A T E ( L L ) , ( I N R E A L ( L ) , L = L L , I W W , I W ) 
21 F O R M A T ( 2 X , F 1 0 . 3 , 1 0 1 1 0 , F 1 0 . 3 ) 
800 C O N T I N U E 
DO 900 L L = 1 , N Y R S 
I T O T A L ( L L ) = I D I F F ( L D / I F A C T (JJJ) 
900 C O N T I N U E 
W R I T E ( 6 , 2 2 ) ( I T O T A L ( L ) , L * l , N Y R S ) 
22 F O R M A T ( 3 X , 9 H T O T A L f l O I l O ) 
W R I T E ( 6 , 5 ) B I R T H , D E A T H , I F A C T ( J J J ) 
5 F O R M A T ( / , 1 0 X , 1 1 H B I R T H R A T E = , F 9 . 6 , 5 X , 1 1 H D E A T H R A T E * 
1 F 9 . 6 , 5 X , 7 H F A C T 0 R = , I 5 ) 
W R I T E ( 6 , 2 9 ) ( I M M U N E ( L ) , L * 1 , I W W , I W ) 
29 F O R M A T ( 2 X , 7 H I M M U N E S , 3 X , 1 0 I 1 0 ) 
W R I T E ( 6 , 2 3 ) (POP(L)»L*1,IWW,IW) 
23 F O R M A T ( 2 X , 1 0 H P O P U L A T I O N , 1 0 1 1 0 ) 
W R I T E ( 6 , 2 4 ) 
W R I T E ( 6 , 3 1 ) ( N V A C ( I V Y R ) , I V Y R * 1 , N Y R S ) 
31 F O R M A T ( 2 X , 1 0 H V A C C I N A T E D , 1 0 1 1 0 ) 
974 C O N T I N U E 
975 C O N T I N U E 
100? C O N T I N U E 
1001 C O N T I N U E 
CALL EXIT 
END 
S U B R O U T I N E GROUP (IX,IXM,L,M,IW) 
DIMENSION I X M ( 2 5 0 ) , I X ( 1 0 0 0 ) 
C 
C THIS R O U T I N E S U B T O T A L S ARRAY INTO FOUR WEEK P E R I O D S 
C 
N=l 
DO 100 J=1,L,M 
IXM(N)*0 
DO 50 1=1,M 
I T E M P * j 4 l - l 
I X M ( N ) = I X M ( N ) * I X ( I T E M P ) 
50 C O N T I N U E 
N=N*1 





AGE-STRATIFIED RUBELLA SIMULATION MODEL 
I N T F G E R Y E A P S * F A C T O R • G R O U P • Y O U N G * O L D 
I N T E G E R P O P » S U S C » S U M I N F » B I R T H S » D E A T H S 
R E A L M O R T A L * I M M R T » N O T W E L » I L L » M X R A T E » M I X » I N F E C T • I W E L L 
D I M F N S I O N I L L ( 8 6 ) » M X R A T E ( 7 * 7 ) » R A T E ( 2 1 0 ) * X ( 8 6 ) » N F ( 5 4 > 
D I M E N S I O N A R E A ( 6 * 1 8 ) • S I C G R P ( 7 ) * F A C T 0 R ( 5 3 ) 
D I M E N S I O N A G E G R P ( 1 6 ) • G R O U P ( 7 ) 
D I M F N S I O N Y E A R S ( 7 ) » M O R T A L ( 9 0 ) t S I C K R T ( 8 6 ) * I M M R T ( 8 6 ) • 
1 A G E P C T ( 8 6 ) » I N F E C T ( 8 6 ) * I W E L L ( 8 6 ) * S U S C E P ( 8 6 ) • 
1 S U S G R P ( 7 ) * W E L G R P ( 7 ) • P E O P L E ( 8 6 ) • I N F G R P ( 7 ) 
D I M F N S I O N I M M G R P ( 5 2 0 ) * I S U G R P ( 5 2 0 ) * P O P < 5 2 0 ) • S U S C ( 5 2 0 ) • 
1 I M M U N E ( 5 2 0 ) • S U M I N F ( 5 2 0 ) » I D I F F ( 1 0 ) • I N F ( 5 2 0 ) 
D A T A A G E G R P / 4 H 0 - * 2 H 1 » 4 H 1 - * 2 H 4 * 4 H 5 - * 2 H 9 * 
1 4 H 1 0 - . 2 H 1 4 * 
1 4 H 1 5 - * 2 H 1 9 » 4 H 2 0 - * 2 H 3 9 * 4 H 4 0 * 2 H * » 
1 4 H T 0 T * 2 H A L / 
R E W T N D 8 
D E A T H S = 0 
B I R T H S = 0 
L A S T W K = 5 4 
F A C T O R ( 1 ) * 2 0 
R E A 0 ( 5 » 1 7 ) ( A G E P C T ( L ) * L = 1 * 8 6 ) 
1 7 F 0 R M A T ( 2 5 F 3 . 2 ) 
C 
C T H I S R O U T I N E S E T S U P T R A N S I T I O N R A T E S F O R E A C H A G E G R O U P 
C A N D A G E L E V E L 
C 
I Y R * 1 
R E A D ( 5 » 1 8 ) ( M O R T A L ( L ) * L = 1 * 5 ) 
R E A D ( 5 . 1 8 ) ( M O R T A L ( L ) • L = 6 » 8 6 » 5 ) 
F O R M A T ( 1 6 F 5 . 0 ) 
D O 5 0 L T I M E 1 * 6 * 8 6 * 5 
D O S O L T I M E 2 * 1 » 4 
L = L T I M E 1 + L T I M E 2 
M O R T A L ( L ) » M O R T A L ( L T I M E 1 ) 
C O N T I N U E 
D O 6 0 L = l * 8 6 
M O R T A L ( L ) - M O R T A L ( L ) / l 0 0 0 . 
M O R T A L ( L ) « E X P ( A L O G ( 1 • • M O R T A L ( L ) ) / 5 2 . > - 1 • 
C O N T I N U E 
W R I T E ( 6 * 2 ) 
F O R M A T ( / / * 2 X * 8 H A G E S P A N * 2 X * 1 4 H I N F E C T I O N R A T E * 2 X * 




C T H I S R O U T I N E F I N O S D E A T H S A T E A C H A G E L E V E L 
C 
3 0 1 D E A T H S a O 
D O 4 0 0 L » l , 8 6 
I N F F C T ( L ) « ( 1 . - M 0 R T A L ( L ) ) • I N F E C T ( L ) 
S U S c E P ( L ) = ( 1 . - M O R T A L ( L ) ) * S U S C E P ( L ) 
i W E l L ( L ) * ( 1 . - M O R T A L ( L ) ) » I W E L L ( L ) 
D E A T H S * M O R T A L ( L ) • ( I N F E C T ( L ) • S U S C E P ( L ) • I W E L L ( L ) ) • D E A T H S 
4 0 0 C O N T I N U E 
C 
C T H I S R O U T I N E A G E S P O P U L A T I O N 
C 
I N F F C T ( L ) * ( 1 « - l . / 5 2 . ) * I N F E C T ( L ) • ( 1 . / 5 2 . ) • I N F E C T ( L - l ) 
S U S C E P ( 1 ) * ( 1 . - 1 . / 5 2 . ) » S U S C E P ( 1 ) • F L O A T ( B I R T H S ) 
I N F F C T ( 1 ) « ( 1 . - 1 . / 5 2 • ) * I N F E C T ( 1 ) 
I W E L L ( l ) » ( 1 . - 1 . / 5 2 . ) » I W E L L ( 1 ) 
P E O P L E ( 1 ) « I N F E C T ( 1 ) • S U S C E P ( 1 ) • I W E L L ( 1 ) 
S I C K ' O . 
00 5 0 0 L " ? , 8 5 
B I R T H S * B I R T H » F L 0 A T ( P 0 P ( J - 1 ) ) 
S U S C E P ( L ) * ( 1 . - 1 . / 5 2 . ) • S U S C E P ( L ) • ( 1 . / 5 2 . ) » S U S C E P ( L - l ) 
I W E L L ( L ) * ( 1 . - 1 . / 5 2 . ) » I W E L L ( L ) • ( 1 . / 5 2 . ) • I W E L L (L-l) 
P E O P L E ( L ) = I N F E C T ( L ) • S U S C E P ( L ) • I W E L L ( L ) 
S I C K » S I C K * S U S C E P ( L ) 
5 0 0 C O N T I N U E 
I N F F C T ( 8 6 ) » I N F E C T ( 8 6 ) M 1 . / 5 2 . ) » I N F E C T ( 8 5 ) 
S U S C E P ( 8 6 ) « S U S C E P ( 8 6 ) • ( 1 . / 5 2 . ) " S U S C E P ( 8 5 ) 
I W E l L ( 8 6 ) « I W E L L ( 8 6 ) • ( 1 . / 5 2 . ) M W E L L ( 8 5 ) 
P E O P L E ( 8 6 ) - I N F E C T ( 8 6 ) • S U S C E P ( 8 6 ) • I W E L L ( 8 6 ) 
S I C K = S I C K ^ S U S C E P ( 8 6 ) 
C 
C T H I S R O U T I N E F I N D S I N F E C T I O N R A T E F O R E A C H M O N T H 
C OF K N O W N Y E A R S ( S E A S O N A L V A R I A T I O N ) 
C 
I F ( J . G T . 5 3 ) GO TO 5 7 0 
R A T F ( J - l ) * F L O A T ( I N F ( J ) ) / F L O A T ( I N F ( J - l ) ) * 
1 F | _ 0 A T ( P 0 P ( J - 1 ) ) / F L O A T ( S U S C ( J - l ) ) 
B E T A * R A T E ( J - 1 ) 
GO TO 5 8 0 
5 7 0 J M 0 n 5 2 « M 0 D ( J . 5 2 ) 
I F ( J M O D 5 2 . E Q . O ) J M 0 D 5 2 = 5 2 
B E T A * R A T E ( J M 0 D 5 2 - 1 ) 
C 
C T H I S R O U T I N E I N F E C T S . R E C O V E R S , E T C . P O P U L A T I O N 
C 
I N F ( J ) * ( B E T A » F L 0 A T ( I N F ( J - 1 ) ) / F L O A T ( P O P ( J - l ) ) ) » 
1 F L O A T ( S U S C U - l ) ) ^ . 5 
5 8 0 N O T w E L « 0 . 
I Y R 1 « 2 
L = 2 
D O 5 8 5 L L * 2 » 7 
I L L ( L L ) s S I C K R T ( L ) " F L O A T ( I N F ( J ) ) " Y E A R S ( L L ) 
L = L * Y E A R S ( L L ) 
5 8 5 C O N T I N U E 
L = 2 
D O f > 0 0 L L = 2 * 7 
I S P A N = Y E A R S ( L L ) 
D O 6 0 0 L L L * 1 * I S P A N 
I N F F C T ( L ) * I L L ( L L ) " S U S C E P ( L ) / S U S G R P ( L L ) 
I W E l L < L ) * I W E L L ( L ) • I N F E C T ( L ) 
S U S C E P ( L ) * S U S C E P ( L ) - I N F E C T ( L ) 
L = L . l 
6 0 0 C O N T I N U E 
C 
C T H I S R O U T I N E P L A C E S P E O P L E I N P R O P E R A G E G R O U P S 
C A N D I L L N E S S C A T E G O R I E S 
C 
6 0 1 P O P ( J ) = 0 
I Y R « 1 
I M M U N E ( J ) * 0 
S U S C ( J ) * 0 
D O 7 0 0 L L « l t 7 
S I C G R P ( L L ) « 0 . 
S U S G R P ( L L ) « 0 
W E L G « P ( L L ) * 0 
I S P A N * Y E A R S ( L L > 
D O 6 5 0 L L L " 1 » I S P A N 
S I C G R P ( L L ) * S I C G R P ( L L ) • I N F E C T ( I Y R ) 
S U S G R P ( L L ) » S U S G R P ( L L ) • S U S C E P ( I Y R ) 
W E L G R P ( L L ) » W E L G R P ( L L ) • I W E L L ( I Y R ) 
I Y R = I Y R M 
6 5 0 C O N T I N U E 
I S U G R P ( L L ) * S U S G R P ( L L ) • . 5 
I M M G R P ( L L ) » W E L G R P ( L L ) • . 5 
I N F G R P ( L L ) * S I C G R P ( L L ) * . 5 
G R O U P ( L L ) = I M M G R P ( L L ) • I S U G R P ( L L ) • I N F G R P ( L L ) 
P O P ( J ) * P 0 P ( J ) • G R O U P ( L L ) 
I M M I JNE ( J ) s I M M U N E ( J ) • I M M G R P ( L L ) 
S U S C ( J ) « S U S C ( J ) • I S U G R P ( L L ) 
7 0 0 C O N T I N U E 
C 
C T H I S R O U T I N E W R I T E S O U T P O P U L A T I O N S T A T U S F O R 
C E A C H T I M E P E R I O D 
C 
8 0 0 W R I T E ( 6 » 1 3 ) 
1 3 F O R M A T ( / » 2 X * 8 H A G E S P A N » 2 X t 
1 1 1 H P 0 P U L A T I 0 N » 2 X » 1 O H I N F E C T A N T S » 2 X * 
1 1 ? H S U S C E P T I B L E S » 
2 3 X » 7 H I M M U N E S » 8 X f 4 H S I C K , 3 X » 9 H S I C K R A T E » 1 X » 
? H H I M M U N E R A T E . / ) 
71 
C THIS R O U T I N E READS A N D WRITES INITIAL INFECTION RATES 
C AND IMMUNITY RATES 
C 
DO 100 L L * 1 , 7 
R E A n < 5 . 9 ) YOUNGt O L D * SICK*WELL 
9 F O R M A T < ? I 5 « 2 F 5 . 0 > 
Y E A R S ( L L ) « O L D - Y O U N G 
I S P A N a Y E A R S ( L L ) 
D O 80 L L L * 1 • I S P A N 
S I C K R T ( I Y R ) * S I C K / I S P A N 
IMMRT(IYR)«WELL 
IYR«IYR*1 
80 C O N T I N U E 
M M U 2 " L L - 1 
M M 2 = 2 " L L 
W R I T E < 6 . 1 2 ) A G E G R P ( M M l ) • A G E G R P ( M M 2 ) • S I C K * W E L L 
12 F O R M A T ( 5 X « A 4 » A 2 » 6 X « F 1 0 # 3 « 5 X » F 1 0 » 3 ) 
100 C O N T I N U E 
J=l 
C 
C THIS R O U T I N E R E A D S IN INITIAL P O P U L A T I O N DATA 
C 
R E A D < 5 . 3 ) N P L A C E * ( A R E A ( l»M)tM«ltl8) 
3 F 0 R M A T ( I 5 . 2 X . 1 8 A 4 ) 
R E A D ( 5 . 1 ) P O P ( l ) t l M M U N E ( l ) t l N F ( l ) . S U S C ( l ) • B I R T H « D E A T H t 
1 B F T A 1 
1 F O R M A T ( 4 I 1 0 . 3 F 1 0 . 0 . F 2 . 0 » F 8 . 0 ) 
R E A D ( 5 . 1 9 ) ( N F(JJ).JJ=1.54) 
19 F 0 R M A T U 6 I 5 ) 
D O 1 5 0 J J « l t 5 4 
I N F ( J J ) * F A C T O R ( l ) • N F ( J J ) 
1 5 0 C O N T I N U E 
S U S C ( J ) = P O P ( J ) - I M M U N E ( J ) - I N F ( J ) 
R A T F < 1 ) * 1 . 
B E T A * R A T E ( 1 ) 
W R I T E ( 6 * 5 ) ( A R E A ( 1 » M ) » M = 1 » 1 8 ) 
5 F 0 R M A T ( 1 H 1 . 1 0 X » 1 8 A 4 » / / ] I 
I Y E A R = 1 
W R I T E < 6 . 4 ) I Y E A R 
4 F O R M A T ( 1 H 0 » 2 0 X » 8 H Y E A R « I 3 . / / ) 
S U M T N F ( 1 ) = I N F ( 1 ) 
C 
C THIS ROUTINE SETS INITIAL STATUS FOR EACH AGE GROUP 
C 
D O ? 0 0 L * l » 8 6 
P E O P L E ( L ) * A G E P C T ( L ) " F L O A T ( P O P ( 1 ) ) / 1 0 0 . 
I N F F C T ( L ) » S I C K R T ( L ) " F L O A T ( I N F ( 1 ) ) 
I W E L L ( L ) » I M M R T ( L ) " P E O P L E ( L ) 
S U S C E P ( L ) - P E O P L E ( L ) - I W E L L ( L ) - I N F E C T ( L ) 
2 0 0 C O N T I N U E 
2 0 1 G O T O 601 
7 2 
D O 8 1 0 L L « 1 » 7 
R E A | _ L * F L O A T ( I N F G R P ( L L ) ) / F A C T O R ( 1 ) 
S I C a F L O A T ( I N F G R P ( L L ) ) / F L O A T ( I N F ( J ) ) 
W E L = F L O A T ( I M M G R P ( L L ) ) / F L O A T ( G R O U P ( L L > > 
M M l a 2 » L L - l 
M M 2 * 2 » L L 
W R I T E ( 6 . 1 4 ) A G E G R P ( M M 1 ) , A G E G R P C 1 M 2 ) t G R O U P ( L L ) • 
1 I N F G R P ( L L ) • 
H S U G R P ( L L ) • I M M G R P ( L L ) t R E A L L » S I C » W E L 
1 4 F O R M A T ( 4 X , A 4 » A 2 » 3 X » I 1 0 » 2 X » I 1 0 » 4 X » 2 l 1 0 » 2 X » F 1 0 . 2 » 2 X » 
1 F 1 0 . 3 » 2 X » F 1 0 . 3 ) 
8 1 0 C O N T I N U E 
W R I T E ( 6 » I S ) A G E G R P ( 1 5 ) . A G E G R P ( 1 6 ) * P O P < J > . I N F ( J ) . 
1 S U S C ( J ) . I M M U N E ( J ) 
1 5 F O R M A T ( 4 X . A 4 t A 2 . 3 X t I 1 0 t 2 X . I 1 0 . 4 X t 2 I 1 0 ) 
W R I T E ( 8 ) ( I S U G R P ( L L l ) » L L 1 = 2 » 7 ) , ( I N F G R P ( L L 2 ) * L L 2 « 2 » 7 ) • 
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